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Abstract

Observations and Theory of Pulsating Helium White Dwarfs

by

Justin D. Steinfadt

Average C/O-core white dwarf stars pulsate in observable normal modes of
oscillation with amplitudes of a few percent and periods of 100-1,000 seconds. As
of this dissertation, no WD of less than 0.5 M, has been observed to pulsate.
White dwarfs of this low mass likely possess a He core and are products of very
different stellar evolution. In this dissertation, we have constructed very low
mass He-core WD models and predict the parameter space in which they may be
observed to pulsate. We have also observed 13 stars, most of which are He-core
WDs, in a search for the first He-core WD pulsator. While we were unsuccessful
in discovering a pulsator, our detection limits offer unique constraints on He-core
WD pulsation parameter space. As a fortuitous result of our pulsation search,
we have discovered two unique eclipsing binary systems. One of these is the first
eclipsing detached double white dwarf binary system offering the first opportunity

to make model independent constraints on He-core WD models and evolution.

vil



Contents

Introduction
1.1  Formation and Evolution of Helium White Dwarfs ... ... .. ..
1.2 Pulsations . . . . . . . .

Pulsations on Helium White Dwarfs

2.1 Introduction . ... ... ... . ... ...

2.2 Hydrogen Burning Models . . . . ... ... ... ... ... ... . ...

2.3 Non-Radial Pulsation Analysis . . . ... ..................
2.3.1 WKB Approximation . ........................
2.3.2 Numerical Analysis. . .. ... ... .. ... ... .. ......

2.4 Conclusions . . ... ... ... ...

Pulsation Candidates and Null Detections

3.1 Finding Candidates . ... ... ... .. .. ... ... ... . ... ...

3.2 Observational Strategy . . ... .. ... ... .. ... ... .. ... ..
3.2.1  Aperture Photometry . ... ... ... ... ... .. ......
3.2.2  Periodograms and Detection Limits ... ............

3.3 Summary of Observations and Results . ... ..............
3.3.1  SDSS J0822+2743 . . . . ...
3.3.2  SDSS J0849+0445 . . . . ...
3.3.3  SDSS JO917+4638 . . . . . ..
3.3.4  SDSS J1300+5904 . . . ...
3.3.5  SDSS J1330+0127 ... . ... .
3.3.6  SDSS J1435+3733 . . . ...
3.3.7  SDSS J1448+0112 . . . . .. .. .
3.3.8  SDSS J2049+0005 . . . ...
3.3.9  SDSS J2240-0935 . . . ...
3.3.10 LP 400-22 . .. . ...
3.3.11 NLTT 11748 . . . . .
3.3.12 PSR J1012+5307 . . . . . .

viil



3.3.13 PSR J1911-5958A . . . . ... 59

4 Observations of a Pulsator 61
4.1 Introduction . . ... ... . . . . ... 62
4.2 0Observations . . . . . . . .. 66

4.2.1 Data Reduction . . .. ... .. ... ... . ... . ... 67
4.2.2 Differential Photometry . . . . .. ... ... ... .. L. 69
4.3 Lomb-Scargle Timing Analysis . . .. ... ................. 70
4.4  Final Light Curves and Periodograms: Results . . . ... ... ... .. 73
4.5 Conclusions . . . ... .. .. . 79
5 Discoveries of Two Eclipsing Binary Systems 83
5.1  Discovery of the Partially Eclipsing White Dwarf Binary

SDSS J143547.874+373338.5 . . . . ... 84
5.1.1 Observations and Data Reduction . . ... ... ......... 86
5.1.2 Eclipse Analysis . . . ... ... ... ... 89
5.1.3 Discussion . .. ... ... 95

5.2 Discovery of the Eclipsing Detached Double White Dwarf Binary
NLTT 11748 . . . . 98
5.2.1 Observations . . . . . . .. . e 99
Faulkes Telescope North Photometry . . ... ... ... ... 102
Keck Spectroscopy . . . ... ... .. ... 103
5.2.2 Binary Parameter Analysis and Results . ... ......... 105
5.2.3 Conclusions . . ... ... . ... .. e 111
6 Conclusions 114

A Very Low Mass Helium White Dwarf Models:

Code Description 119
A1 Goal . .. 119
A2 Physics . .. .. 121
A.2.1 Equations of Stellar Structure . . . . . ... ... ... ... ... 121
A.2.2 Microphysics: Opacity and Equation of State . . ... ... .. 122
A2.3 Convection . .. ... .. ... . 123
A.2.4 Nuclear Energy Generation . .................... 124
A.2.5 Composition Profile . . ... ... ... ... ... ... ... .. 126
Partial Pressure Equations and the Electric Field . .. .. .. 127

Ionic Equation of State . .. .. ... ... .. ......... 128

Electron Equation of State . . . . ... ... .. ......... 128

A3 The Code . ... .. . . . .. 134
A.3.1 The Grey Atmosphere . . . . ... ... ... .. ... ... 135
A.3.2 Surface toward Core: Outer Layer . . ... ... ... ...... 137
A.3.3 Surface toward Core: Inner Layer . ................ 138

X



A.3.4 Core toward Surface . . . . . . .. . . ... 139

A.3.5 Tterating to a Solution . . . . ... ... ... ... 139

B Adiabatic Pulsations 141
B.1 Derivation Framework . ... .. ... ... .. .. .. .. ... .. ... 141
B.2 The Energy Equation . . . . ......... ... ... ... .. .... 142
B.2.1 Aside: The Brunt-Vaiséla Frequency ... ............ 144

B.3 Linearized Fluid Equations . ... ... ... .. .............. 147
B.4 Boundary Conditions . . .. .. ... ... .. ... ... .. ... .. ... 150
B.5 The WKB Approximation . . . ... ...... .. ... ... ....... 151
Bibliography 153



Chapter 1

Introduction

The final evolutionary stage for the majority of stars is an electron degener-
ate core with only the remaining thermal energy available to maintain the star’s
diminishing luminosity. These white dwarf (WD) stars are born when all other
sources of nuclear and gravitational energy have been exhausted. However, some
stars reach this final stage prematurely when abnormal processes interrupt their
course of evolution. When evolving red giant stars are interrupted by binary in-
teractions or excessive stellar winds, they may never reach the required mass for
helium core ignition and instead are diverted onto a WD track of evolution with
a degenerate helium core. The subject of this dissertation is helium-core white
dwarfs (He WDs) and probing how their interior structure differs from their more
common carbon/oxygen-core (C/O WD) counterparts. This interior structure is

investigated by understanding pulsations on their surfaces that are observable in



their radiated light. In this introduction, we review the formation channels and
subsequent evolution of He WDs as well as how pulsations can be used as an ob-
servational tool to constrain these theories. In Chapter 2 (adapted from Steinfadt
et al. 2010a)!, we use very low mass He WD models to derive their pulsational
properties to highlight the parameter space of observed properties (gravity and
surface temperature) where time-series observations may uncover pulsating He
WDs. Using these results, in Chapter 3 we select He WD pulsation candidates
from a variety of sources and observe several objects in a search for the first He
WD pulsator. In Chapter 4 (adapted from Steinfadt et al. 2008b)?, we summa-
rize observations of a low gravity, but non-He core, known pulsator. Finally, in
Chapter 5 (adapted from Steinfadt et al. 2008a, 2010b)! we highlight a fortuitous
side-effect of our pulsation search, the serendipitous discovery of two unique eclips-
ing binary systems. A detailed description of our low mass He WD modeling code
as well as notes on calculating linearized pulsation eigenfunctions and eigenmodes

can be found in the Appendix.

ISteinfadt et al. (2008a, 2010b,a) are adapted and reproduced with the permission of the
American Astronomical Society.

2Steinfadt et al. (2008b) is adapted and reproduced with the permission of the Astronomical
Society of the Pacific and the University of Chicago Press.



1.1 Formation and Evolution of Helium White

Dwarfs

The canonical C/O-core WDs are formed when a star of less than ~6-8M,
evolves beyond the main sequence (MS), ascends the red giant branch (RGB),
ignites and commences core helium burning, ascends the asymptotic giant branch
(AGB), and is then unable to ignite the C/O in its core. The remnant of the AGB
star gradually cools, contracts, and is finally supported by electron degeneracy
pressure to become a C/O WD (Shapiro & Teukolsky 1983). The majority of
C/O WDs cluster in mass around 0.6M with an extended tail out to 1.4M,
illustrated in the number distribution of WDs as determined by Kepler et al.
(2007) and reproduced in Figure 1.1. However, there is a significant clustering of
WDs at a mass of ~0.4M, that cannot have formed in single star evolution as the
necessary progenitors would have required greater than a Hubble time to evolve
off the MS. These WDs are the He WDs.

On the RGB, the growing He core ignites when the core reaches ~0.45-0.47M,
(D’Cruz et al. 1996; Dominguez et al. 1999; Pietrinferni et al. 2004; VandenBerg
et al. 2006; Panei et al. 2007). To form a He WD, a process removes mass from
the H envelope, quenching the H-shell burning that grows the He core to ignition
and effectively truncates the RGB. Two modes of evolution have been proposed

to truncate RGB evolution: mass loss due to binary interaction and mass loss due
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Figure 1.1: The white dwarf number-mass distribution reproduced from Kepler
et al. (2007). Here we note the clustering of 0.6M; C/O WDs with their tail out
to 1.4Mg,. Clustering around 0.4M are the He WDs.



to stellar winds.

As a progenitor star ascends the RGB, its radius increases rapidly. Eventu-
ally, if it is in a binary system, as its radius expands it will reach the gravitational
equipotential surface that is bound to neither binary component, the Roche Lobe,
and mass transfer from He WD progenitor to companion begins. For binary sys-
tems of sufficiently high mass ratio (Mpyogenitor/Mcompanion) and a red giant of
sufficiently extended convective envelope, the mass transfer will be dynamically
unstable (Hjellming & Webbink 1987). This instability causes the He WD progen-
itor to transfer mass faster than its companion can accept and envelops the binary
system (He core of progenitor and companion) in a common envelope (Paczynski
1976; Tben & Livio 1993). As these two components orbit within their com-
mon envelope, the binary angular momentum and binding energy is transfered
to this envelope and expelled in processes that are not well understood (Taam
& Sandquist 2000; Deloye & Taam 2010; Ge et al. 2010), leaving a close binary
system with a He WD. It is this reason that led many to believe that He WDs
should be in binary systems (Marsh et al. 1995; Kilic et al. 2007b; Agtieros et al.
2009). However, several surveys have uncovered significant numbers of He WDs
that do not appear to be in binary systems (Agiieros et al. 2009; Brown et al. 2010,
2011). To explain these surveys, other formation channels are required, such as
binary interaction with brown dwarfs or planets (Nelemans & Tauris 1998) or high

mass loss rates due to stellar winds. It is clear that the entire mass range of He



WDs (~0.1-0.45M,) can be formed with this channel depending on how early in
the RGB phase binary interaction is initiated. Two eclipsing binary systems are
examined in detail in Chapter 5 and offer direct evidence of binary interaction.
In stars of high metallicity, the increased opacity in the envelope due to metallic
opacity can drive very strong stellar winds that cause mass loss in excess of 0.5M
during the RGB phase (Lee et al. 1994; Catelan 2000; Hansen 2005). Therefore,
it is possible that high metallicity stars may lose enough mass on the RGB due
to stellar winds to avoid helium core ignition and thus leave He WDs as rem-
nants. Evidence for this scenario is difficult to determine since metals sediment
quickly in the atmospheres of He WDs and so are not directly observable. In
the high metallicity ([Fe/H]=0.4) globular cluster NGC 6791 the main sequence
turn-off age is ~8-9 Gyrs while the WD cooling age appeared to be x2.4 Gyrs
and the WD luminosity function appeared over-bright (Bedin et al. 2005). It was
thought that a high fraction of He WD formation via stellar winds could solve
this discrepancy (Hansen 2005; Kalirai et al. 2007), however, Garcia-Berro et al.
(2010) have shown quite convincingly that normal C/O WD evolution including
22Ne sedimentation (Bildsten & Hall 2001) and phase separation of C/O through
crystallization (Segretain et al. 1994) match both the luminosity function and the
turn-off age accurately. However, Kalirai et al. (2007) have discovered that some
of the brightest WDs in NGC 6791 are He WDs with masses ~0.43M and were

likely formed via the strong stellar wind channel. It appears that only high mass



He WDs (20.3-0.4M,) can be produced through this channel.

Once formed, He WD evolution is different from that of C/O WDs because
nuclear burning may still play a significant role. Studies of millisecond pulsars
suggest that many He WDs are born with thick ~1073-10"2M, H envelopes
(Alberts et al. 1996; van Kerkwijk et al. 2005; Bassa et al. 2006a,b). These thick
H envelopes develop long diffusive tails into the He core where the higher densities
and temperatures can cause them to ignite (Driebe et al. 1999; Serenelli et al.
2002; Panei et al. 2007). This ignition highlights a dichotomy in the evolution
of He WDs. For He WDs of 20.18-0.20M, (dependent upon metallicity) the H
envelopes are radially thin enough that thin-shell instabilities develop and a series
of rapid thermonuclear flashes occur. These flashes burn away the envelope leaving
only a thin layer of H which allows for rapid cooling on timescales of 10s-100s of
Myrs. For He WDs of <0.18-0.20M,, the nuclear burning is stable and provides a
dominant energy source that slows the cooling evolution of the WD to timescales
of several Gyrs (Serenelli et al. 2002; Panei et al. 2007). From an observational
standpoint, very low mass He WDs (<0.2M) may spend significantly more time
in a ZZ Ceti like instability strip than the higher mass He WDs. However, it is

likely that there are many more higher mass He WDs than very low mass WDs.
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and SDSS J2240-0935 are from Eisenstein et al. (2006) (corrected by Silvestri et al.
2006 and Heller et al. 2009). SDSS J0822+4-2753 and SDSS J0849+0445 are from Kilic
et al. (2010b). SDSS J0917+4638 is from Kilic et al. (2007a). SDSS J1300+5904 and
the x’s are from Mukremin Kilic (private communication). NLTT 11748 is from Kawka
& Vennes (2009), Steinfadt et al. (2010b), and Kilic et al. (2010a). LP 400-22 is from
Kawka et al. (2006). PSR J1012+5307 is from van Kerkwijk et al. (1996) and Callanan
et al. (1998). PSR J1911-5958A is from Bassa et al. (2006a). The circled objects have
been observed for this dissertation (Chapter 3).



1.2 Pulsations

White dwarf asteroseismology offers the opportunity of directly constraining
mass, core composition, envelope composition and stratification, spin rate, and
magnetic field strength (Castanheira & Kepler 2008). Asteroseismology is ac-
complished by observing pulsations in the light curves of stars and analyzing and
identifying the specific modes of pulsations and comparing them to models. White
dwarfs pulsate in three distinct classes: GW Vir (or PG 1159) stars are hot, Tog ~
75,000-200,000 K, and are often considered pre-WDs (Quirion et al. 2007); DBV
stars are He-atmosphere WDs at Teg =~ 25,000 K (Winget et al. 1982a; Koester &
Chanmugam 1990); DAV (or ZZ Cetis) are H-atmosphere WDs at Tog &~ 12,000 K.
This dissertation is concerned with the ZZ Ceti stars.

The 77 Ceti H-atmosphere white dwarfs pulsate in normal modes of oscillation
(g-modes) where buoyancy is the restoring force (Winget & Kepler 2008). These
stars exhibit pulsations when they enter the instability region, a discrete strip in
the Tug—log g plane that spans 11,000 < Tog < 12,250 K at log g = 8.0. This strip
has been extensively observed and constrained by numerous sources (Wesemael
et al. 1991; Mukadam et al. 2004a; Castanheira et al. 2007; Gianninas et al. 2007)
and is shown schematically in Figure 1.2. It is thought to be pure, meaning that
all WDs as they cool evolve through the instability strip and exhibit pulsations,
and so offers insight into the evolution of WDs (Fontaine et al. 1982; Cassisi et al.

2007).



The observability of ZZ Ceti type pulsations requires that they be driven.
One type of mechanism requires that a portion of the escaping heat flux in a
star be converted to mechanical motion. An example of this mechanism is the
r-mechanism where rapidly increasing opacity caused by an ionization zone bot-
tlenecks the heat transport (Dziembowski 1977; Dziembowski & Koester 1981;
Dolez & Vauclair 1981; Winget et al. 1982a). In the ZZ Ceti stars, this mecha-
nism occurs in the middle of a convection zone and is thus not expected to be
the dominant driving mechanism. Brickhill (1983) proposed that the response
of this convection zone could drive pulsations in the ZZ Cetis. If the convection
zone is unable to respond thermally on a timescale approximately faster than the
pulsation mode, then the mode will grow unstably and saturate (Brickhill 1991;
Wu & Goldreich 1999). Wu & Goldreich (1999) showed this criterion to be quite
accurate in the high Ty limit (the “blue” edge). However, this criterion had not
been applied to the low gravity He WDs until Steinfadt et al. (2010b) and is
highlighted in detail in Chapter 2.

As of this dissertation, no WDs have been found to pulsate for masses <0.5M,.
The lowest mass WD known to pulsate is HE 0031-5525 at logg = 7.65 and
Teg = 11,480K and a mass of ~0.5M; (Castanheira et al. 2006). The work
in this dissertation set out to highlight where in the T.g—logg plane He WD
pulsators should exist (Chapter 2). Guided by this work, we selected candidates

and observed them for pulsations and while we did not discover any pulsations

10



to our detection limits we have been able to constrain the He WD instability
strip (Chapter 3). These candidates and their locations in the Tig—log g plane are
displayed in Figure 1.2. Finally, in Chapter 5 we show the lucky side-effects of a

pulsation search, the discoveries of two unique eclipsing binary systems.
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Chapter 2

Pulsations on Helium White

Dwarfs

! The parameter space where low mass He white dwarfs (<0.45 M) exhibit
pulsations akin to the ZZ Cetis has not been investigated fully. For many years,
the driving mechanism and the expected modes of pulsation in the C/O white
dwarf ZZ Cetis have been well understood and match quite well with that of ob-
servation. In this chapter, we first review how He white dwarfs fit within the
current understanding of white dwarf evolution and how their pulsation proper-
ties can lead us to discovering the first He WD pulsators. We have constructed
models of very low mass He white dwarfs (<0.2 M) and calculated the non-radial

pulsation structure expected. We then extend the theories of Brickhill (1983) and

ISteinfadt et al. (2010a) is adapted and reproduced with the permission of the American
Astronomical Society.
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Wu & Goldreich (1999) and predict the “blue” edge of the instability strip for

very low mass He white dwarfs, highlighting several objects for observation.

2.1 Introduction

White dwarfs (WDs) are observed to pulsate in normal modes of oscillation
(g-modes) which are determined by the structure of the stellar interior and atmo-
sphere (Winget & Kepler 2008). Those with hydrogen atmospheres exhibit pul-
sations when they enter the ZZ Ceti variable (DAV) instability region, a discrete
strip in the T,g—log g plane that spans 11,000 K < Tig < 12,250 K at log g ~ 8.0.
The ZZ Ceti strip has been investigated both theoretically (Brassard & Fontaine
1997; Wu & Goldreich 1999; Fontaine et al. 2003) and empirically (Wesemael et al.
1991; Mukadam et al. 2004b; Castanheira et al. 2007; Gianninas et al. 2007). To
date, all known ZZ Ceti pulsators have masses >0.5 M, implying cores composed
of carbon, oxygen, and heavier elements.

Lower mass (M < 0.5Mg) WDs with nearly pure helium cores are made
on the red giant branch (RGB) when core growth is truncated before reaching
~0.45—0.47M, (logg ~ 7.67 at Tog ~ 11,500 K), prior to the helium core flash
(D’Cruz et al. 1996; Dominguez et al. 1999; Pietrinferni et al. 2004). Two modes of
envelope mass loss can cause this: strong winds or binary interaction. Significant
mass loss due to stellar winds in high metallicity systems may strip the H enve-

lope, preventing the He core flash (D’Cruz et al. 1996; Hansen 2005). Common

13



envelopes induced by binary interactions also lead to significant mass loss (Iben &
Livio 1993; Marsh et al. 1995), and make very low-mass He WDs (M < 0.2 M)
when the binary interaction occurs at the base of the RGB (van Kerkwijk et al.
1996; Callanan et al. 1998; Bassa et al. 2006a). Thus, He is the expected core
composition for WDs below ~0.45—0.47 M. However, very little direct evidence
exists of He cores. The overbrightness of old WDs (Hansen 2005) in the star
cluster NGC 6791 (Bedin et al. 2005) presents possible evidence. The detection
of low log g young WDs make a plausible argument for the old WDs to be He
core (Kalirai et al. 2007), however, other possible explanations remain (Deloye &
Bildsten 2002; Bedin et al. 2008a,b; Garcia-Berro et al. 2010).

Asteroseismology offers the possibility of directly constraining the He core
composition in these low-mass WDs, as the g-mode periods provide information on
WD mass, mass of H envelope, and core composition (Cérsico & Benvenuto 2002;
Castanheira & Kepler 2008). Theoretically, these principles have been applied to
C/0O versus O/Ne core WDs by Cérsico et al. (2004) and O versus He core WDs
by Althaus et al. (2004). However, to carry this out, we need to find pulsating He
core WDs, something that has yet to occur.

Past studies have illuminated a dichotomy in the evolution of the He core WDs
(Driebe et al. 1999; Serenelli et al. 2002; Panei et al. 2007) that impacts their
seismic properties and prevalence as pulsators. For masses 20.2 My (dependent

upon metallicity) the H envelope experiences a multitude of H shell flashes that
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reduces its mass, eventually allowing the WD to cool rapidly. Such objects traverse
the extrapolated ZZ Ceti instability strip in ~10-100 Myr (Panei et al. 2007),
allowing for an investigation of their H layer mass, and confirmation of pure helium
core. However, there are presently very few WDs with well known properties
in, or near, the extrapolated strip for masses in the 0.2 < M < 0.5 M range
(Steinfadt et al. 2008b), inhibiting such research. Less massive (<0.2 M) helium
WDs have a different evolution, undergoing stable H burning for Gyr, slowing
their evolution to rates that may yield more in the extrapolated instability strip.
However, the presence of a thick, actively burning hydrogen layer requires new
seismic modeling, especially for the eventual assessment of the instability strip for
these unusual WDs. The recent discovery of three such objects (Kawka & Vennes
2009; Kilic et al. 2010b) makes our work quite timely.

Motivated by a desire to study the pulsational properties of these long-lived
systems, we begin in Section 2.2 by constructing He core WD models with stable H
burning shells flexible enough for seismic investigations, and compare to the results
from evolutionary codes (Serenelli et al. 2002; Panei et al. 2007). We discuss the
unusual seismic properties of these objects in Section 2.3, where we calculate their
adiabatic mode structure and, using an approximation for the instability criterion
of Brickhill’s theory (Brickhill 1991), highlight the potential location of the He
core WD instability strip. In Section 2.4, we suggest a few intriguing pulsation

candidates amongst the very lowest mass WDs (van Kerkwijk et al. 1996; Callanan

15



et al. 1998; Bassa et al. 2006a; Kawka et al. 2006; Kawka & Vennes 2009; Kilic
et al. 2010b), where our simple models apply. We close by highlighting the need
for future work, especially if observations of our suggested targets yield the first

pulsating, low-mass, He WD.

2.2 Hydrogen Burning Models

The <0.2 M, He core WDs of interest for our work are undergoing stable H
burning via the PP chains in a low-mass shell. The solid/dashed lines in Figure
2.1 are the models from Serenelli et al. (2002) and Panei et al. (2007). These lines
transition to solid when 90% of the luminosity is generated from the PP chains.
The solid circles are the locations of the observed WDs of interest here, and are
clearly in a region dominated by PP-chain burning. For this reason, we construct
models with only PP-chain burning. In addition, at these late times, the diffusive
timescale at the burning zone is much shorter than the age and the WD core
temperature is set by that in the stable burning layer. For these reasons, the
prior evolution of a stably burning WD does not affect its properties at this stage
of evolution.

We construct models of a stably burning H envelope on an He core, by solv-
ing the equations of hydrostatic balance, heat transport, energy generation, and
mass conservation. Between the H and He layers the most important physics in

our models is the chemical profile. In these layers diffusive equilibrium is valid
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as the evolutionary timescale (dominated by nuclear burning, ~1-10 Gyr) is sig-
nificantly longer than the diffusive timescale (~10-100 Myr) over a pressure scale
height. We derive the equilibrium electric field by assuming each species is in
hydrostatic balance with gravity and the electric force and charge neutrality (see
Chang & Bildsten (2003) for more detailed derivation). With this electric field we
generate an additional differential equation for one of the chemical species (charge
neutrality gives the rest) to be simultaneously solved with the equations of stellar
structure. Given our set of differential equations and boundary conditions, our
model reduces to two parameters, total mass and total H mass, fewer than those
for passively cooling C/O WDs which require total mass, H mass, He mass and
surface temperature. A more detailed discussion of these models and the code can
be found in Appendix A.

Our models contain zero metallicity. Additional elements require additional
differential equations for their diffusive profile for which equilibrium conditions
may not exist. Therefore, the PP-chains (p(p, e*v.)?*H(p,v)*He(*He, pp)*He or
3He(*He, v)"Be(e™, ve(7))"Li(p, a)*He or "Be(p, 7)®B(eTv,)®Be 2 “He) are the only
source of nuclear energy. We assume *He has reached its equilibrium abundance,
peaking at ~107* to 107% by mass. We generate evolutionary tracks by conserving
total mass; nuclear burning converts envelope mass into core mass. Figure 2.1
compares our models with the time-dependent models of Serenelli et al. (2002)

and Panei et al. (2007), exhibiting discrepancy at low gravity (large envelope mass)
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Figure 2.1: Comparison of our model tracks, the heavy black lines, against those
of Panei et al. (2007), 0.16 M, and Serenelli et al. (2002), 0.20, 0.25, 0.35, and
0.45 M, the thin black lines. Our tracks deviate significantly at low gravity
from those of Serenelli et al. (2002). The solid circles are several candidate <
0.20 M, WD pulsation candidates (van Kerkwijk et al. 1996; Callanan et al. 1998;
Bassa et al. 2006a; Kawka et al. 2006; Kilic et al. 2010b; Kawka & Vennes 2009).
Note their location on the higher gravity, past the T.g turn-around portion of the
models. The dashed lines in the Serenelli et al. (2002) models denote where the
CNO luminosity is greater than 10% of the PP chains. This explains the deviation
as our models only have PP-chain luminosity, appropriate to the most relevant
regions at higher gravity. Five Gyr have elapsed between the triangle and square
marks and the square and circle marks. The gray area approximates the location
of the C/O WDs with the vertical dashed lines denoting the empirical ZZ Ceti
instability strip (Gianninas et al. 2007). The dotted line above the empirical
instability strip denotes the gravity of the lowest known gravity ZZ Ceti, HE 0031-
5525 (Castanheira et al. 2006).
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but excellent agreement at high gravity (low envelope mass). This is attributed to
large CNO luminosities at high envelope mass in the non-zero metallicity models of
Serenelli et al. (2002). At low envelope masses, the core temperatures have lowered
to ~ 10" K and CNO elements have diffused out of the burning region (Panei et al.
2007). Therefore, PP-chain luminosity dominates so we expect our models to be
valid in this regime, where, as we show, the candidate He core pulsating WDs are
likely to be found. As nuclear burning determines the evolution of our models,
the timescales are long, of order several Gyr. Figure 2.1 illustrates the evolution
of our models over 5 (triangles to squares) and 10 Gyr (triangles to circles) from
the point of maximum 7.g.

The microphysics, opacities, equation of state, and nuclear energy genera-
tion, are all handled by the Modules for Experiments in Stellar Astrophysics
(MESA)? code, developed by Paxton et al. (2011). Within MESA, the opacities
are drawn from OPAL (Iglesias & Rogers 1993, 1996), the Ferguson et al. (2005)
low-temperature tables, and the Cassisi et al. (2007) electron conduction tables.
The equation of state is derived from OPAL (Rogers & Nayfonov 2002), low-
temperature SCVH (Saumon et al. 1995), and fully ionized high temperature and
density HELM (Timmes & Swesty 2000). Nuclear energy generation is calculated

using the techniques developed by Timmes (1999).

Zhttp:/ /mesa.sourceforge.net
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2.3 Non-Radial Pulsation Analysis

To analyze the non-radial pulsational properties of our He-core WD models
we perturb and linearize the fluid equations of momentum, energy, and mass

conservation. We set the transverse wavenumber of order ¢ as ki = ¢(¢ + 1)/r%.

2.3.1 WKB Approximation

The star is divided into regions of wave propagation and evanescence. In
the propagation zone, the wavelength k! is much smaller than the characteristic
length scales associated with the background, such as the radius r, near the center,
and the pressure scale height A\p = p/(pg) near the surface. This allows for the
WKB approximation where all state variables are ocexp(i [ " drk,). Neglecting
perturbations on the gravitational field (the Cowling approximation) we further

reduce the linearized pulsation equations into the dispersion relation,

(NV? = w?) (c5kj — w?)

2,2
wecs

k2 =

T

: (2.1)

where w is the frequency of pulsation, N is the Brunt—Vaisala frequency, and
¢s is the adiabatic sound speed. For propagating waves, Equation (2.1) defines
the resonant cavity for waves of two types. When w > N and c.k;, (the Lamb
frequency), waves propagate as sound waves (p-modes) where pressure provides
the restoring force. When w < N and csky,, waves propagate as gravity waves (g-

modes) where gravity provides the restoring force. Brickhill (1983) showed that
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convective driving could drive the amplitude of g-mode pulsations to an observable
level; these are the pulsations observed in the ZZ Cetis (Warner & Robinson 1972).

We approximate the frequencies of propagating g-modes using the WKB quan-
tization condition f:i:“t drk, = nm. Under the assumptions w < N and w < c.kp,

Equation (2.1) gives,

Wn, ot =

m / dr 02

where the integral is bounded by the frequency dependent resonant cavity. Here
rin and roy are the radii where w = N and w = cgky, respectively; see Figure
2.2 for illustration. Under these assumptions, the derived mode periods are only
accurate for large radial order, n > 1. Figure 2.2 shows a propagation diagram for
an Myp = 0.17 Mg, and M, = 3.15x 1073 M, model. As is evident, the resonant
cavity for the higher order g-modes samples much of the core and envelope while
the lower orders are most affected by the transition region. It is obvious that the
contribution of the transition region is quite important, therefore, close attention
must be paid to the Brunt—Viisala frequency. For changing composition, the

Brunt—Vaiisala frequency is,

N2=2 [XT (Vad—V)JrB], (2.3)

Ap Xp

where, x, = dln P/0Inply (. X7 = 0InP/OInT]|, ,, and,

I-1
B =

=1

Olnp
0X;

dX;
T, P { X0} dln P’

(2.4)
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is the compositionally dependent Ledoux term (modified from Brassard et al.
1991) which accounts for the bulk of the bump in the Brunt—Vaisila frequency at

the composition transition zone in Figure 2.2.

2.3.2 Numerical Analysis

To obtain more accurate mode periods that are not restricted to the high radial
orders as our WKB analysis is, we must turn to the boundary value problem for
adiabatic pulsations. The equations and method are described in Unno et al.
(1989). Perturbation of the equations reduce to the following three equations
for the pressure perturbation dp = pip, the radial Lagrangian displacement &,
(the transverse Lagrangian displacement is &, = vr/w?), and the gravitational

potential perturbation d¢o:

dy N2 d5

_ 2 _ N2 _
T = WV T Tl (2.5)
d¢, g 2 K1 k2
i (— B ;) ot (w—h B —) i 21 (26)
1 d do 1 N?

At the center of the star, requiring the variables to be finite leads to the scalings
Y o< rf and &, oc r*71. Placing these scalings into Equations (2.5), (2.6), and (2.7)

leads to the central boundary conditions,

Wi, = Wt% (2.8)
5o dog
(— = = (2.9)
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Figure 2.2: Propagation diagram (upper panel) for our Mwp = 0.17 M and
M = 3.15 x 1073 M, model. Gravity mode (g-mode) pulsations exist below
both the Brunt—Véiséla frequency (solid curve) and the Lamb frequency (¢ = 1;
dashed curve). The thin horizontal lines delineate the locations of the n = 1, 5,
and 10 modes for ¢/ = 1. Note the large bump in the Brunt—Vaisala frequency
due to the Ledoux contribution (Equation 2.4) that aligns with the composition
transition region (bottom panel). The middle three panels show the eigenfunction
solutions of &, (dashed curves) and mode energy (solid curves) for the n = 1, 5,
and 10 modes for ¢ = 1. The gray vertical lines denote the boundaries of the
WKB propagation cavity. These show the bulk of each mode to reside in the core,
below the H/He transition, with only a couple nodes existing in the envelope.
This model is our closest fit to the properties of NLTT 11748 (Kawka & Vennes
2009; Section 5.2).
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at a nonzero, but small, radius r. At the surface, we require the perturbations to
be both finite and upwardly evanescent. Unno et al. (1989) show that the correct

boundary conditions are then

Y o= g&, (2.10)
§ dé

at the upper boundary of the model. We solve Equations (2.5), (2.6), and (2.7)
with the boundary conditions in Equations (2.8), (2.9), (2.10), and (2.11) using
the shooting method to obtain all mode periods. A detailed derivation of the
adiabatic pulsation equations and boundary conditions can be found in Appendix
B.

The middle three panels in Figure 2.2 display the transverse displacement
eigenfunctions and energy density for the n = 1, 5, and 10 modes for ¢ = 1.
The energy density illustrates where each mode “lives,” that is, what portions of
the star most affect the mode period. These modes live primarily in the core,
below the H/He transition region, as the energy density declines rapidly in the
lower pressure H layer. This contrasts the normal Z7Z Cetis (Fontaine & Brassard
2008). This is predominantly because the Brunt—Véiséld frequency in the He
core is larger than in the envelope (see Figure 2.2, also noted in Althaus et al.
2004). The electron degeneracy in all WD cores leads to most of the entropy in
the ions, yielding N? ~ A1 (k,T/Er)(g/Ap), where A is the ion mass and Ep is

the electron Fermi energy. Hence, there are two reasons why N is relatively larger
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in an He core than in a C/O core. First, low-mass implies smaller Ep oc M*/3,
and second, 1/A is larger for He than a C/O mixture. This shows the power
these modes will have in probing the core composition once pulsations have been
detected and accurate periods measured.

The observability of these modes requires that they be driven. One type of
driving mechanism requires that a portion of the escaping heat flux be converted
into the mechanical energy of the pulsation modes. An example is given by the
r-mechanism (Dziembowski 1977; Dziembowski & Koester 1981; Dolez & Vau-
clair 1981; Winget et al. 1982b), in which the rapid outward increase in opacity
associated with an ionization zone bottlenecks the heat flux. For ZZ Ceti-like
pulsations, Brickhill (1983) proposed that the response of the convection zone
itself to the pulsation drives the instability (Brickhill 1983, 1991; Wu & Goldre-
ich 1999). For now we consider only the convective driving mechanism?®. If the
convection zone can thermally adjust on a timescale shorter than the pulsation
period, P, then the pulsation will be damped. This motivates the convective
thermal time instability criterion P < 87Tin bevs, Where T bevs is the thermal
time from the base of the convection zone to the surface (Brickhill 1991; Wu &
Goldreich 1999). Wu & Goldreich (1999) show (in their Figure 7) this criterion
to be quite accurate in the high T.g (the “blue” edge) limit compared to fully

nonadiabatic calculations on a log g = 8.0 WD. However, the He core WDs are at

3The existence of the nuclear burning region inside the mode propagation region may ad-
ditionally drive modes due to the sensitivity of the nuclear reactions to temperature, the e-
mechanism (Kawaler 1988). We have yet to investigate this possibility.
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significantly lower gravity, requiring an extrapolation in log g. Calculations show
that the rapid increase in 7y, bevz due to the deepening convective zone occurs at
lower Teg for lower log g, nearly 1500 K for log g = 8 to log g = 7. The circle points
on the log g-T.g evolution plots in Figure 2.3 show where the convective thermal
time instability criterion is met for £ = 1 and n = 1 modes. As is seen, Figure 2.3
highlights many excellent targets for an observational study of He core WDs, as

we comment in the conclusions.

2.4 Conclusions

Our work highlights the log g-T.g parameter space where observable pulsations
may be present. This reveals at least three pulsation candidates, NLTT 11748
(Kawka & Vennes 2009; Steinfadt et al. 2010b; Section 5.2), SDSS J0822+4-2753
(Kilic et al. 2010b), and PSR J1012+5307 (van Kerkwijk et al. 1996; Callanan
et al. 1998), all of which should be observed for variability on timescales of 200
1000s. All of these objects have been observed in Chapter 3 and show no pul-
sations. Mode detections and a measurement of the mode period spacing would
provide key evidence for an He core composition and large radius, as we predict
a period spacing of ~ 90s for ¢/ = 1, whereas in normal ZZ Cetis, this number is
~ 50s (Kleinman et al. 1998; Kanaan et al. 2005; Pech et al. 2006). Our results re-
garding the region of instability should be confirmed through future nonadiabatic

stability analyses, an issue that is beyond the scope of the present paper.

26



“r 0.16 0.15

+SDSS J0917+4638

| My (M.

“10.20

SDSS J0849

TE
o0
= PSR J1911-5958A
> ¢
a0 SDSS J08224-2753
BS) PSR J1012+5307
L .
+
+
3t + .

12000 10000 8000
T (K)

Figure 2.3: Evolution of stably burning low-mass He cores. Evolution proceeds
top to bottom. We start our 0.20 M; model where the deviations from the
time-dependent Serenelli et al. (2002) models have been reduced to less than
Alogg = 0.2 (see Figure 2.1). For our 0.17, 0.18, and 0.19 M models we begin
at the maximum 7. turn as we have no models to directly compare. We show our
entire 0.15 and 0.16 M, models, starting with M,, = 1072 M, as our comparison
with Panei et al. (2007) show them to be reliable (Figure 2.1). For comparison
we exhibit the location of the C/O WDs (the shaded region) and their associated
empirical instability strip, the sloped dashed lines (Gianninas et al. 2007). Can-
didate objects are drawn from several sources. The bullets are PSR J1911-5958A
(Bassa et al. 2006a), PSR J1012+5307 (van Kerkwijk et al. 1996; Callanan et al.
1998), SDSS J0849+0445 and SDSS J0822+2753 (Kilic et al. 2010b), NLTT 11748
(Kawka & Vennes 2009; Section 5.2), and LP 400-22 (Kawka et al. 2006). The
crosses are those SDSS selected low-mass WDs confirmed by MMT spectra from
Kilic et al. (2007a). The circles on the evolution curves represent where the con-
vective thermal time instability criterion is met for the £ =1 and n = 1 modes.
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NLTT 11748 is highlighted in Figure 2.3 as a candidate for observable pulsa-
tions. Recent observations by Steinfadt et al. (2010b) did not find pulsations down
to a 4 mmag level, however, they did discover it to be the first eclipsing He WD
system (see also Section 5.2). Given its measured log g = 6.20 and Tig = 8540 K,
our models predict a total mass of 0.17 M, and envelope mass of 3.15 x 1072 M,
comparable to that reported by Kawka & Vennes (2009). Our numerical pulsation
analysis reveals that for this object the lowest order g-mode (¢ = 1 and n = 1)
has a period of 245s but more importantly the mean period spacing is 89s for
the £ = 1 modes and 51s for the ¢/ = 2 modes. Figure 2.2 clearly shows these
modes to preferentially reside in the core, offering a unique opportunity to probe
the core composition of an He WD.

The current candidates were found in surveys that target other phenomena:
the Sloan Digital Sky Survey (SDSS; Kilic et al. 2007a), high velocity stars (Kawka
et al. 2006; Kawka & Vennes 2009), and companions to pulsars (van Kerkwijk et al.
1996; Callanan et al. 1998; Bassa et al. 2006a). However, the survey selection
criteria (photometric colors), although incomplete, can favor WDs of higher T,
(Tegr 2 11,000 K in the SDSS for log g < 6, Kilic et al. 2007a). Surveys able to
select low-gravity WDs down to Ti.g = 8, 000 K will significantly impact the study

of pulsating He core WDs.
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Chapter 3

Pulsation Candidates and Null

Detections

An efficient search for pulsating He core white dwarfs (He WDs) requires fore-
knowledge of parameters that increase the probability of finding pulsations. For
the canonical C/O core white dwarfs it is well known that the observed pulsators
(ZZ Cetis) are found in a discrete strip in the T,g—logg plane, where g is the
gravity on the WD surface. Gravity and effective temperature are quantities that
require a detailed theoretical understanding of the WD atmospheres. Theoretical
models of WD atmospheres (Finley et al. 1997; Bergeron et al. 1992; Tremblay &
Bergeron 2009) predict a spectrum given a log g and T.g. By fitting an observed
spectrum to these atmosphere models the logg and T.g can be measured. We

showed in Chapter 2 that by using the same theory that describes the ZZ Ceti in-
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stability strip we predict a distinct hot (blue) edge of the instability strip for very
low mass He WDs (Mwp < 0.2M). This predicted blue edge of the instability
strip is at T =~ 9,000 K for logg < 6.5. However, no work has been done to
predict the amplitudes of these pulsations. Further, no theoretical work has been
done to connect this very low mass He WD blue edge with that of the ZZ Cetis. To
fill this gap we have turned to the empirical and theoretical knowledge concerning
the canonical ZZ Cetis.

The Z7 Ceti instability strip spans 11,000 < Tiog < 12,250K at logg =~ 8.0,
the fiducial gravity for a 0.6M; C/O WD, and has the shape shown schematically
in Figure 3.1. This instability strip has been extensively investigated both theo-
retically (Brassard & Fontaine 1997; Wu & Goldreich 1999; Fontaine et al. 2003)
and observationally (Wesemael et al. 1991; Mukadam et al. 2004b; Cassisi et al.
2007; Gianninas et al. 2007) and we will use these trends to guide our observations
of He WDs. Red giant branch modeling (D’Cruz et al. 1996; Dominguez et al.
1999; Pietrinferni et al. 2004) show that the maximum mass of a He WD to be
~0.45M; as a more massive He core would experience He ignition and burn to
C/0. Models of He WDs (Driebe et al. 1999; Serenelli et al. 2002; Panei et al.
2007) show this mass to have logg ~ 7.6 near the temperatures of the ZZ Ceti
instability strip. When selecting our candidates for observation, we select only
those candidates whose gravity measurements are logg < 7.6. For normal mass

He WDs (0.2 < Mwp < 0.45Mg) the blue edge of the instability strip has not
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been theoretically investigated. Therefore, we naively extrapolate the ZZ Ceti
empirical blue edge (from Gianninas et al. 2007) to the lower gravities of the He
WDs and connect it to the instability strip blue edge for very low mass He WDs,
as shown in Figure 3.1.

Since no work has been done to predict the amplitudes of pulsations in poten-
tial He WD pulsators, we rely on the empirical trends that have been discovered
in the ZZ Cetis. The majority of ZZ Ceti pulsators observed show pulsation am-
plitudes of <30 mmags (~3%)' with some showing amplitudes as low as 2 mmags
(Mukadam et al. 2006). We used 10 mmags as a fiducial amplitude when planning

our observations.

3.1 Finding Candidates

To select He WD candidates for observation we generally select only those
WDs with logg < 7.6 and 7,000 < T < 12,000 K. We select a much larger
range of temperatures than those suggested by our own theoretical analysis and
77, Ceti properties because non-detections of pulsations in candidates are still
beneficial as they constrain the parameter space in which the conventional theory
must hold. Of added interest is the potential detection of pulsations in parameter

space not predicted by theory. Objects that are within the hatched grey strip

"We will often express amplitudes and differential limits in the mmag unit. For a
small change in flux AF compared to F' we can express the magnitude change as Am =
2.5log[(F+ AF)/F] = (2.5/In10)In (1 + AF/F) ~ 1.086 (AF/F). Therefore, 10 mmags
closely corresponds to a 1% change in flux.
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Figure 3.1: The log g-Tog plane highlighting the instability strip. The dark-grey hor-
izontal strip illustrates the location of the C/O WDs. The solid lines represent the
fitted boundaries of the empirical ZZ Ceti instability strip as determined by Gianninas
et al. (2007) with the dashed line merely being the naive extension of the blue edge.
The dash-dotted line represents the theoretical blue edge highlighted for very low mass
He WDs by Steinfadt et al. (2010a) (see Chapter 2) and vertically extended at con-
stant temperature. The light-grey hatched region represents the area of high priority
used to guide our observations. The bulleted objects are from single object papers
(van Kerkwijk et al. 1996; Callanan et al. 1998; Bassa et al. 2006a; Kawka et al. 2006;
Kawka & Vennes 2009; Kilic et al. 2010b,a; Steinfadt et al. 2010b; the connected bul-
lets are the two PSR J1012+5307 measurements). The crosses are SDSS selected low
mass WDs from Kilic et al. (2007a). The stars are SDSS WDs from Eisenstein et al.
(2006) (corrected by Silvestri et al. 2006 and Heller et al. 2009) including only objects
whose log g < 7.6 and 7,000 < Teg < 12,000 K. The x’s are objects from the candidate
hypervelocity star sample of Brown et al. (2006) analyzed by Mukremin Kilic (private
communication). The circled objects have been observed for this dissertation.
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redward (cooler) of the instability strip blue edge marked in Figure 3.1 are given
a higher priority when executing observations.

We find most of our candidates through surveys looking for other phenomena,
e.g. the Sloan Digital Sky Survey (SDSS), but we have also found candidates
in single object papers. Companions to pulsars have been found to be good
candidates such as PSR J1911-5958A (Bassa et al. 2006a) and PSR J1012+5307
(van Kerkwijk et al. 1996; Callanan et al. 1998).

Eisenstein et al. (2006) offers a catalog of WDs within the SDSS that is the
largest to date. They found their WDs by selecting SDSS spectra using a series of
color cuts and then fitting to a large grid of WD atmospheric models. Objects with
spectral contamination due to a companion star, e.g. an M-dwarf star, were not de-
contaminated and thus the spectral fits obtained were often erroneous. This is an
issue for He WDs as their primary formation channel requires a binary companion
which frequently contaminates the spectrum. Many of these contaminated spectra
were reanalyzed by Silvestri et al. (2006) and Heller et al. (2009) in two catalogs
of close binary systems. In these cases, the derived parameters of Silvestri et al.
(2006) and Heller et al. (2009) were used. Since the SDSS sample did not target
WDs specifically, the quality of the spectra of many of the WDs is low as is the
model fits derived from them. Therefore, we generally do not pursue SDSS targets
unless additional spectra have been taken.

Brown et al. (2006) performed a hypervelocity star survey looking for B-type
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stars escaping the galactic center. They used SDSS photometry to color select
their B-type stars and gathered high signal-to-noise spectra looking for large radial
velocities. Given their color selection, Kilic et al. (2007a,b, 2010b) made great use
of this data-set, uncovering many low mass He WDs. Kawka et al. (2006) and
Kawka & Vennes (2009) have used a similar technique to the Brown et al. (2006)
survey and searched for hypervelocity stars in proper motion data from a variety
of sources (Oswalt et al. 1993, New Luyten Two Tenths, NLTT, Proper Motion
Survey). Their survey has discovered some of the lowest mass WDs known (Kawka

& Vennes 2009; Kawka et al. 2006).

3.2 Observational Strategy

In all, the surveys in the previous section have revealed dozens of candidates,
only 13 of which have been observed for this dissertation and are summarized in
Table 3.1. Unfortunately, none of the 13 are observed to pulsate.

The observations we executed followed a simple strategy. Chapter 2 showed
that the expected periods of potential pulsations range between 250 and 1,000
seconds. Extrapolating our knowledge of the ZZ Cetis we considered a fiducial
amplitude of 10 mmags. We designed each observation to be sensitive to these
properties by incorporating a fast cadence (usually less than 60 seconds) and
individual measurements of the target that met or exceeded 10 mmags in precision

(in the Poisson limit, 10,000 photons/image). In Table 3.2 we report on the details
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Table 3.1. Summary of Observed Candidates and Results
Object g’-SDSS  logg Tost Reference  Det. Limit®

(mag)  (cgs) (K) (mmag)
SDSS J0822+2743 18.3 6.55£0.11 8,880 £ 60 Kilic et al. (2010b) 8
SDSS J0849+4-0445 19.3 6.23+0.08 10,290 + 250 Kilic et al. (2010b) 15
SDSS J0917+4638 18.7 5.484+0.03 11,288 +72 Kilic et al. (2007a) 11
SDSS J130045904 152 7.2240.02 11,025+ 63 M. Kilic, priv. com. 3
SDSS J1330+0127 189 8.1 +0.2 10,617 £ 452 Silvestri et al. (2006) 44
SDSS J1435+4+-3733 17.1 7.624+0.12 12,536 + 488 Eisenstein et al. (2006) 4
SDSS J14484-0112 19.6 7.31+0.18 12,142+ 486 Eisenstein et al. (2006) 34
SDSS J2049+0005 19.7 548 +£0.10 8,660+ 144  Eisenstein et al. (2006)> 21
SDSS J2240-0935  17.6  6.96 £0.09 11,449 + 205 Heller et al. (2009) 14
LP 400-22 172 6.32£0.08 11,080 &£ 140 Kawka et al. (2006) 4
NLTT 11748 17.1° 6.54 £0.05 8,690 £ 140 Kilic et al. (2010a) 5
PSR J1012+5307  19.5¢ 6.34+0.20 8,670 £ 300 Callanan et al. (1998) 20

6.75+0.07  8,550+£25  van Kerkwijk et al. (1996)

PSR J1911-5958A  22.2¢ 6.444+0.20 10,090 + 150 Bassa et al. (2006a) 16

2Reporting the best limit over a minimum of 1-7mHz frequency range (where possible).

See Table 3.3 for frequency range details and multiple epochs.
PSDSS J2049+0005 is likely a distant A star (Eisenstein et al. 2006; Kilic et al. 2007a).

°Magnitude in Johnson B.

dMagnitude in Johnson V.
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of our observations.

3.2.1 Aperture Photometry

All images were reduced using standard methods (bias subtracted and flat
fielded). In most cases, the CCD detectors under-sampled the point spread func-
tion (PSF) of the stars making PSF-fitting photometry highly imprecise. There-
fore, aperture photometry was executed using the Image Reduction and Analysis
Facility (IRAF) software package apphot.

During an observation, variable sky conditions (e.g. clouds) cause variations
in atmospheric transmission from one image to the next. This has a multiplica-
tive effect on the count rates for each star in the field-of-view. Fortunately this
multiplicative factor is the same across an entire image since the variations in at-
mospheric transmission occur on spatial scales much larger than the field of view.
This effect is corrected by using comparison stars and differential photometry. By
dividing the count rate of a presumed non-variable star by the count rate of our
target star we construct a ratio that is constant regardless of the atmospheric con-
ditions unless our target happens to be variable. However, since the comparison
star has its own noise we select bright stars whose noise is Poisson dominated
and combine multiple comparison stars by weighting them inversely to their in-
trinsic variance over a single run of observation (a technique similar to that used

in Gilliland & Brown 1988 and Sokoloski et al. 2001). We ensure all comparison
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Table 3.2. Details of Observations

Object g’-SDSS Telescope/ Date Len. Exp. N. of
(mag) Camera/Filter (vyyymmdd) (hrs.) Time (s) Exp.?
SDSS J0822+2743 183  WHT/ACAM/¢ 20110220 2.1 30 137
SDSS J0849+0445  19.3 ~ WHT/ACAM/¢’ 20110117 1.9 60 96
SDSS J0917+44638 18.7 WHT/ACAM/¢’ 20110220 2.3 45 145
SDSS J1300+5904 15.2 BOS/SBIG/Clear 20110126 5.0 50 295
BOS/SBIG/Clear 20110201 5.2 50 297
SDSS J1330+0127 189  WIYN/OPT/BG39 20070530 1.6 90 57
SDSS J1435+3733 17.1 WIYN/OPT/BG39 20070529 1.5 15 197"
WIYN/OPT/BG39 20070531 1.9 15 233P
WIYN/OPT/BG39 20070601 3.8 45 259P
SDSS J1448+4-0112 19.6 WIYN/OPT/BG39 20070531 2.0 60 104
SDSS J2049+0005 19.7 WIYN/OPT/BG39 20070531 3.4 60 166
SDSS J2240-0935 17.6  P60/P60CCD/g 20060804 3.7 30 204
P60/P60CCD/g 20060817 4.5 100 73°
P60/P60CCD/g 20060919 1.1 30 57
P60/P60CCD/g 20060925 1.0 30 60
P60/P60CCD/g 20061205 0.9 30 59
LP 400-22 17.2 WIYN/OPTIC/¢ 20070530 2.4 20 269
NLTT 11748 1714 FTN/Merope/q’ 20091222 4.0 45 198P
FTN/Merope/q’ 20100108 3.3 45 167"
PSR J1012+4-5307 19.5°  WHT/ACAM/g' 20100330 2.0 60 103
PSR J1911-5958A 22.24 HST/WFC3/F200LP 20100305 6.0 60 142

aExcludes images contaminated by cosmic rays, clouds, and excess noise.

b Also excludes images taken during eclipse.

¢Observation contains large gaps.

dMagnitude in Johnson B.
°Magnitude in Johnson V.
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stars are non-variable by comparing each prospective star within the field-of-view
with all others in every combination and use periodograms to ensure no periodic
trends are present.

Atmospheric turbulence causes the PSF of stars to fluctuate from image to
image, spreading the light of each star over smaller or larger spatial scales de-
pending on the seeing (usually measured as the full width half maxima, FWHM,
of a 2D-gaussian function fitted to a star’s PSF). We employ a variable aperture
algorithm to optimize the signal-to-noise of our photometry in order to combat
the varying PSF. For each observation, a single representative frame was selected.
For every star in the image we varied the size of the photometric aperture to find
that size which optimized the signal-to-noise of the measurement. The optimum
apertures were then scaled by the average FWHM of 2D-gaussians fitted to each
star. For all other images the average FWHM of the stellar PSFs was measured
and then scaled using the appropriate optimum scaling. Therefore, as the seeing
fluctuates during an observation the apertures are adjusted larger or smaller as
a star’s light is spread over larger and smaller scales (a technique similar to that
used in Deeg & Doyle 2001).

Once we have constructed the light curve for our target star there are often
long timescale trends still present in the data. These trends are usually caused
by the color-airmass effect. Our atmosphere preferentially scatters and absorbs

blue light over red and the ratio of the transmissions changes depending on the
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amount of atmosphere we are looking through. Objects seen near the horizon will
appear redder than the same object observed at zenith (e.g. the sun at midday
versus the sun at sunset). If our comparison stars are the same color as our target
star, which is seldom the case, then this effect is zero and is not a problem. We
can correct for this effect by correlating our light curve with airmass (defined as
the secant of the angle to zenith of observation) and dividing a fitted trend from
the light curve. For some observations this trend removal is insufficient as other
systematics may be present (e.g. variable sky background due to the moon). In
these cases low order polynomials are fitted against time and divided from the

light curve.

3.2.2 Periodograms and Detection Limits

To detect potential pulsations in our light curve, we use a Lomb-Scargle pe-
riodogram (Scargle 1982) instead of a standard Fourier transform because our
observations are frequently unevenly spaced and sometimes filled with large gaps.
In the ZZ Cetis, low amplitude pulsations show pulse shapes that are closely ap-
proximated by sinusoids while high amplitude pulsations frequently show narrow
peaks in their shape (Fontaine & Brassard 2008). We feel this justifies our use of a
periodogram which is optimized for sinusoidal signals because the pulsations that
are “in the noise” are closely represented by sinusoids. High amplitude pulsations,

though non-sinusoidal, should still be easily detected as they will likely be well
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above the noise.

In this dissertation, and to date, no significant pulsation signals have been
detected in a He WD. However, null detections and detection limits are still useful
in both deciding if additional observations are required and constraining theory.
We measure our detection limits by using signal injection and the properties of
a Lomb-Scargle periodogram. For a periodogram normalized by the variance of
the total light curve, a false-alarm probability is naturally generated that states
for M independent frequencies the probability that independent and normal noise
produces power greater than z in any of the frequency bins is Prob(Any Power >
z) =1—(1—e*)" (Scargle 1982; Horne & Baliunas 1986). Thus, a signal may be
considered 90% significant if it has a false-alarm probability of 10%. However, our
noise may not be precisely normal and independent due to potential unresolved
pulsations and other systematic effects (such as atmospheric correlated noise)
that may cause our data to be slightly correlated. This may cause us to slightly
overestimate our detection limits. Simulations of normal random data distributed
with the same errors as our light curves have shown us that this effect is minimal.
We determine our detection limits by injecting sinusoidal signals, integrated over
the observation’s exposure times, at a single frequency and test all phases. We
then increase the amplitude of the signal until 90% of all phases produce a peak
in the periodogram at the injected frequency that is 90% significant. Finally,

all frequencies accessible by the data are tested with this method. In all cases
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Table 3.3.

Results of Observations

Object Date Filter Detection Frequency
Limit (mmag) Range (mHz)
SDSS J0822+2743 2011/02/20 ¢’-SDSS 8 1-11
SDSS J0849+0445 2011/01/17 ¢’-SDSS 15 1-7
SDSS J0917+4638 2011/02/20 ¢'-SDSS 11 1-8
SDSS J1300+5904 2011/01/26 Clear 6 1-8
2011/02/01  Clear 3 1-8
SDSS J1330+0127 2007/05/30 BG-39 44 1-5
SDSS J1435+3733  2007/05/29  BG-39 4 1-17
2007/05/31  BG-39 6 1-17
2007/06/01  BG-39 4 1-9
SDSS J1448+0112 2007/05/31  BG-39 34 1-7
SDSS J2049+0005 2007/05/31  BG-39 21 1-7
SDSS J2240-0935  2006/08/04 Gunn-g 22 1-7
2006/08/17 Gunn-g 13 1-2.25
2006/09/19  Gunn-g 14 1-7
2006/09/25 Gunn-g 16 1-9
2006/12/05 Gunn-g 48 1-9
LP 400-22 2007/05/30 ¢'-SDSS 4 1-15
NLTT 11748 2009/12/22  ¢'-SDSS ) 1-7
2010/01/08 ¢'-SDSS 4 1-7
PSR J1012+5307  2010/03/30 ¢'-SDSS 20 1-7
PSR J1911-5958A  2010/03/05 F200LP 16 1-3.25

in this dissertation, the detection limits were largely independent of frequency
allowing us to state one detection limit over a range of frequencies. The results of
our observations are shown in Table 3.3 and summarized in the next section and

Table 3.1.
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3.3 Summary of Observations and Results

In the course of this dissertation, several observing setups were employed. Here
we summarize the details of the telescopes and instrumentation used.

The William Hershel Telescope (WHT) is a 4.2-m telescope at the Roque de
Los Muchachos Observatory on La Palma in the Canary Islands. We used the
ACAM imager and the SDSS-¢’ filter with a circular 8’3 diameter field-of-view in
a 2x2 pixel binning mode for an effective spatial resolution of 05 pixel ™'. Using
the fast readout mode we maintain a total dead-time of ~11 s between exposures.
All observations using this setup were carried out using Service Time, generally
at bright time (near the calendar full moon).

The Byrne Observatory at Sedgwick Reserve (BOS) telescope is a 0.8-m robot-
ically controlled telescope that is part of the Las Cumbres Observatory Global
Network of telescopes (LCOGT) on the Sedgwick Nature Reserve north of Santa
Barbara, California. We used the SBIG imager and a clear filter with a 17/ x10’
field-of-view in a 2x2 pixel binning mode for an effective spatial resolution of
0”57 pixel "!. The total dead-time between exposures was ~10s. This setup was
used in late-January and early-February 2011.

The Wisconsin Indiana Yale NOAO (WIYN) telescope is a 3.5-m telescope
at the Kitt Peak National Observatory in Arizona. We used the OPTIC imager
and the broadband filter BG-39 (A, ~ 480 nm, FWHM ~ 260 nm) with a 9/5x9'5

field-of-view in a 2x2 pixel binning mode for an effective spatial resolution of
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0728 pixel . The total dead-time between exposures was ~10s. All observations
using this setup were carried out in a single observing run that occurred in late-
May and early-June 20 2007.

The Palomar 60-inch (P60) telescope is a 1.5-m robotically controlled telescope
at the Palomar Observatory on Mount Palomar in southern California. We used
the P60CCD imager and the Gunn-g filter with a 12/9x129 field-of-view with
a spatial resolution of 0”38 pixel '. We decreased readout times by reading out
half of the two CCD chips for a total dead-time between exposures of ~20-40s.
The large variation in dead-time was due to a software issue in the telescope
software. This setup was used in late 2006 and early 2007, however, most of the
data taken during that time was for other projects (see Chapter 4 for observations
of HS 182446000, a ZZ Ceti) or was too degraded by weather.

The Faulkes Telescope North (FTN) is a 2.0-m robotically controlled telescope
on Haleakala, Hawaii and is part of LCOGT. We used the Merope imager and the
SDSS-¢’ filter with a 4!75x4!75 field-of-view in a 2x2 pixel binning mode for an
effective spatial resolution of (/28 pixel . The total dead-time between exposures
was ~22s. This setup was used in late-December 2009 and early-January 2010.

The Hubble Space Telescope (HST) is a 2.4-m space telescope in low-earth
orbit operated by the Space Telescope Science Institute and NASA. We used
the Wide Field Camera 3 (WFC3) UVIS channel and the F200LP filter (A, ~

490 nm, FWHM = 250nm). To decrease readout times and to avoid onboard
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Figure 3.2: The light curve and Lomb-Scargle periodogram for SDSS J0822+2743
for observations taken at WHT/ACAM on 2011 February 20. The dashed (dot-
ted) line in the periodogram represents the 10% (50%) false-alarm probability
thresholds given the number of frequency bins.

memory buffer overflow we used the UVIS1-C512A-SUB subarray, a 512x512
pixel sub-section of the CCD. This gave us a 20”5x20"5 field-of-view and a total

dead time of 55s. This setup was used in March 2010 for 4 orbits (6 hours).

3.3.1 SDSS J08224-2743

SDSS J08224-2743 (complete identifier: SDSS J082212.57+275307.4) at SDSS-
¢’ = 18.3 mags was observed once using the WHT /ACAM setup on 2011 February
20 using 30 s exposure times for an overall cadence of ~41 s for ~2 hours. We used
10 comparison stars with magnitudes between 16.0-20.0.

No pulsations were detected to a limit of 8 mmags over a frequency range of
1-11 mHz.

This object has a measured logg = 6.44 +0.11 and T = 8, 880 =+ 60 K which

gives a derived model mass of 0.17M, (Kilic et al. 2010b). These parameters
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Figure 3.3: The light curve and Lomb-Scargle periodogram for SDSS J0849+0445
for observations taken at WHT/ACAM on 2011 January 17. The dashed (dot-
ted) line in the periodogram represents the 10% (50%) false-alarm probability
thresholds given the number of frequency bins.

place it within the high priority target list.

3.3.2 SDSS J0849-+0445

SDSS J0849+-0445 (complete identifier: SDSS J084910.13+-044528.7) at SDSS-
¢ = 19.3mags was observed once using the WHT/ACAM setup on 2011 January
17 using 60 s exposure times for an overall cadence of ~71s for ~2 hours. We used
9 comparison stars with magnitudes between 17.0-19.5.

No pulsations were detected to a limit of 15 mmags over a frequency range of
1-7mHz.

This object has a measured logg = 6.23 £ 0.08 and T, = 10,290 £ 250 K

which gives a derived model mass of 0.17M, (Kilic et al. 2010b).
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Figure 3.4: The light curve and Lomb-Scargle periodogram for SDSS J0917+4638
for observations taken at WHT/ACAM on 2011 February 20. The dashed (dot-
ted) line in the periodogram represents the 10% (50%) false-alarm probability
thresholds given the number of frequency bins.

3.3.3 SDSS J091744638

SDSS J0917+44638 (complete identifier: SDSS J091709.55+463821.8) at SDSS-
g’ = 18.7mags was observed once using the WHT /ACAM setup on 2011 February
20 using 45s exposure times for an overall cadence of ~56s for ~2.3 hours. We
used 6 comparison stars with magnitudes between 16.1-19.4.

No pulsations were detected to a limit of 11 mmags over a frequency range of
1-8 mHz.

This object has a measured log g = 5.48£0.03 and T.g = 11,288 £ 72 K which

gives a derived model mass of 0.17M, (Kilic et al. 2007a).
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Figure 3.5: The light curves and Lomb-Scargle periodograms for
SDSS J13004+5904 for observations taken at BOS/SBIG on 2011 January
26 and 2011 February 1. The dashed (dotted) line in the periodogram represents
the 10% (50%) false-alarm probability thresholds given the number of frequency
bins.
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3.3.4 SDSS J1300+5904

SDSS J13004-5904 (complete identifier: SDSS J130035.22+-590415.8) at SDSS-
¢ = 15.2mags was observed twice using the BOS/SBIG setup on 2011 January
26 and 2011 February 1 using 50s exposure times for an overall cadence of ~60s
for ~5 hours each night. We used 12 comparison stars with magnitudes between
13.3-16.6.

No pulsations were detected to a limit of 6 mmags over a frequency range of
1-8 mHz for 2011 January 26 and 3 mmags over 1-8 mHz for 2011 February 1.

This object has a measured log g = 7.22+0.02 and T = 11,025+ 63 K which

gives a derived model mass of 0.3M, (private communication, Mukremin Kilic).

3.3.5 SDSS J1330+0127

SDSS J13304-0127 (complete identifier: SDSS J133058.19+012706.5) at SDSS-
¢ = 18.9mags was observed once using the WIYN/OPTIC setup on 2007 May
30 using 90s exposure times for an overall cadence of ~101s for ~1.6 hours. We
used 5 comparison stars with magnitudes between 16.6-19.0.

No pulsations were detected to a limit of 44 mmags over a frequency range of
1-5mHz. This observation was plagued by intermittent cirrus clouds and a near
full moon creating a high sky background.

This object has a measured log g = 5.56+0.16 and T,z = 8,091 £ 75 K (Eisen-

stein et al. 2006). The SDSS spectra were likely contaminated by a companion
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Figure 3.6: The light curve and Lomb-Scargle periodogram for SDSS J1330+0127
for observations taken at WIYN/OPTIC on 2007 May 30. The dashed (dotted)
line in the periodogram represents the 10% (50%) false-alarm probability thresh-
olds given the number of frequency bins.

star’s flux. A re-analysis by Silvestri et al. (2006) measured logg = 8.1 £0.2 and
T.x = 10,617+£452 K. This object is likely not a He WD and highlights how SDSS

parameters can lead one astray.

3.3.6 SDSS J14354-3733

SDSS J1435+3733 (complete identifier: SDSS J143547.874-373338.5) is a par-
tially eclipsing binary system of a C/O WD and M-dwarf discovered by Steinfadt
et al. (2008a) and is detailed in Section 5.1. At SDSS-¢’ = 17.1 mags, this object
was observed three times using the WIYN/OPTIC setup. It was observed on
2007 May 29 and 31 with exposure times of 15s for an overall cadence of ~23s for
~1.5 hours each night. It was observed on 2007 June 1 with exposure times of 40s
for an overall cadence of ~50s for ~3.8 hours. We used the same 5 comparison

stars with magnitudes between 15.9-19. All frames in eclipse were removed for
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pulsation analysis.

No pulsations were detected to a limit of 4 mmags over a frequency range of
1-17mHz for 2007 May 29, 6 mmags over 1-17 mHz for 2007 May 31, and 4 mmags
over 1-9mHz for 2007 June 1.

This object has a measured log g = 6.864+0.04 and Tog = 11,062+ 58 K (Eisen-
stein et al. 2006). The SDSS spectra was definitely contaminated by a companion
star’s flux (Steinfadt et al. 2008a; Rebassa-Mansergas et al. 2007; Pyrzas et al.
2009). A re-analysis by Rebassa-Mansergas et al. (2007) and Pyrzas et al. (2009)
measured logg = 7.62 & 0.12 and T, = 12,536 + 488 K which gives a derived
model mass of 0.41M. This object is near the C/O WD and He WD composi-
tion boundary and also highlights how SDSS parameters can lead one astray, but

that being led astray can also lead to other interesting discoveries!

3.3.7 SDSS J1448-+0112

SDSS J1448+4-0112 (complete identifier: SDSS J144859.39+011243.7) at SDSS-
¢’ = 19.6 mags was observed once using the WIYN/OPTIC setup on 2007 May 31
using 60s exposure times for an overall cadence of ~71s for ~2 hours. We used 5
comparison stars with magnitudes between 17.3-18.6.

No pulsations were detected to a limit of 34 mmags over a frequency range of
1-7mHz. This observation was plagued by intermittent cirrus clouds and a near

full moon creating a high sky background.
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Figure 3.8: The light curve and Lomb-Scargle periodogram for SDSS J1448+0112
for observations taken at WIYN/OPTIC on 2007 May 31. The dashed (dotted)
line in the periodogram represents the 10% (50%) false-alarm probability thresh-
olds given the number of frequency bins.

This object has a measured logg = 7.31 £ 0.18 and T, = 12,142 £ 486 K
(Eisenstein et al. 2006). There is no indication of spectral contamination by a

companion, therefore, these parameters are likely accurate.

3.3.8 SDSS J2049+0005

SDSS J2049+4-0005 (complete identifier: SDSS J204949.78-+000547.3) at SDSS-
¢" = 19.7mags was observed once using the WIYN/OPTIC setup on 2007 May
31 using 60s exposure times for an overall cadence of ~71s for ~3.4hours. We
used 8 comparison stars with magnitudes between 15.9-19.1.

No pulsations were detected to a limit of 21 mmags over a frequency range of
1-7mHz. This observation was plagued by intermittent cirrus clouds and a near
full moon creating a high sky background.

This object has a measured logg = 5.48 + 0.10 and T, = 8,660 + 144 K
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Figure 3.9: The light curve and Lomb-Scargle periodogram for SDSS J2049+0005
for observations taken at WIYN/OPTIC on 2007 May 31. The dashed (dotted)
line in the periodogram represents the 10% (50%) false-alarm probability thresh-
olds given the number of frequency bins.

(Eisenstein et al. 2006). Eisenstein et al. (2006) noted multiple minima in their
model fits as well as discrepant SDSS-¢’ band flux compared to best fit models
and suggested a log g < 5.0 was likely. Kilic et al. (2007a) confirmed this finding
and conclude that this star is likely a distant A2 star. This is yet another instance

where SDSS parameters can lead one astray.

3.3.9 SDSS J2240-0935

SDSS J2240-0935 (complete identifier: SDSS J224038.38-093541.3) at SDSS-
¢ = 17.6mags was observed four times using the P60/P60CCD setup on 2006
August 4, September 19, 25 and December 5 using 30s exposures for an overall
cadence of ~50-70s for ~3.7, 1.1, 1.0, and 0.9 hours respectively. This object
was also observed on 2006 August 17 using 100 s exposures for an overall cadence

of ~120-140s cadence for ~4.5hours, however there are two hour long and half
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Figure 3.10: The light curves and Lomb-Scargle periodograms for SDSS J2240-
0935 for observations taken at P60/P60CCD on 2006 August 4 and 17 and Septem-
ber 19 and 25. The dashed (dotted) line in the periodogram represents the 10%
(50%) false-alarm probability thresholds given the number of frequency bins.
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Figure 3.11: Continuation of Figure 3.10 for observations taken on 2006 December
D.

hour long gaps in the time series. We used 5 of the same comparison stars with
magnitudes between 16.0-18.5.

No pulsations were detected to a limit of 22 mmags over a frequency range
of 1-7mHz for 2006 August 4, 13 mmags over 1-2.25mHz for 2006 August 17,
14 mmags over 1-7mHz for 2006 September 19, 16 mmags over 1-9mHz for 2006
September 25, and 48 mmags over 1-9 mHz for 2006 December 5.

This object has a measured logg = 6.96 = 0.09 and T.g = 11,449 4+ 205K
(Eisenstein et al. 2006). The SDSS spectra were likely contaminated by a com-
panion star’s flux. A re-analysis by Heller et al. (2009) measured log g = 7.5 and
T.x = 13,000 K. This object also highlights how SDSS parameters can lead one

astray.
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Figure 3.12: The light curve and Lomb-Scargle periodogram for LP 400-22 for
observations taken at WIYN/OPTIC on 2007 May 30. The dashed (dotted) line
in the periodogram represents the 10% (50%) false-alarm probability thresholds
given the number of frequency bins.

3.3.10 LP 400-22

LP 400-22 at SDSS-¢’ = 17.2mags was observed one time using the
WIYN/OPTIC setup on 2007 May 30 using 20s exposures for an overall cadence
of ~30s for ~2.4hours. We used 7 comparison stars with magnitudes between
17.0-18.0.

No pulsations were detected to a limit of 4 mmags over a frequency range of
1-15 mHz.

This object has a measured logg = 6.32 & 0.08 and T, = 11,080 £ 140K

(Kawka et al. 2006) with a derived model mass of 0.17M.
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Figure 3.13: The light curves and Lomb-Scargle periodograms for NLTT 11748
for observations taken at FTN/Merope on 2009 December 22 and 2010 January 8.
The dashed (dotted) line in the periodogram represents the 10% (50%) false-alarm
probability thresholds given the number of frequency bins.
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3.3.11 NLTT 11748

NLTT 11748 is the first totally eclipsing detached double white dwarf binary
system discovered by Steinfadt et al. (2010b) and is detailed in Section 5.2. At
B = 17.1 mags, this object was observed two times by the FTN/Merope setup on
2009 December 22 and 2010 January 8 using 45s exposures for an overall cadence
of =67s for ~4 hours each night. We used 5 comparison stars with magnitudes
between 17.5-18.5.

No pulsations were detected to a limit of 5 mmags over the frequency range of
1-7mHz on 2009 December 22 and 4 mmags over 1-7mHz on 2010 January 8.

This object has a measured log g = 6.54 +0.05 and Tog = 8,690 + 140 K (Kilic
et al. 2010a) with a derived model mass of 0.18 M. In the future, eclipse and
radial velocity analysis will produce a high precision measurement of the mass and
radius of this object. These parameters place it within the high priority target

list.

3.3.12 PSR J1012+45307

PSR J1012+5307 at V = 19.5mags was observed one time using the
WHT/ACAM setup on 2010 March 30 using 60s exposures for an overall cadence
of =71s for ~2hours. We used 8 comparison stars with magnitudes between
17.8-19.2.

No pulsations were detected to a limit of 20 mmags over the frequency range
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Figure 3.14: The light curve and Lomb-Scargle periodogram for PSR J1012+5307
for observations taken at WHT/ACAM on 2010 March 30. The dashed (dotted)
line in the periodogram represents the 10% (50%) false-alarm probability thresh-
olds given the number of frequency bins.

of 1-7mHz.

This object has a measured log g = 6.34+0.20 and T, = 8,6704+300 K with a
derived model mass of 0.18 M, (Callanan et al. 1998) and also log g = 6.75+0.07
and Teg = 8,550 + 25 K with a derived model mass of 0.21M, (van Kerkwijk
et al. 1996). Neither of these measurements is obviously superior. Both of these

parameters place it within the high priority target list.

3.3.13 PSR J1911-5958A

PSR J1911-5958A at B = 22.2mags was observed one time using the
HST/WFC3 setup over 4 orbits on 2010 March 5 using 60 s exposure times for an
overall cadence of =~115s for =6 hours.

The photometric analysis for this object was uniquely different than all other

objects. Due to crowding in the field (PSR J1911-5958A is in a globular cluster)
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Figure 3.15: The light curve and Lomb-Scargle periodogram for PSR J1911-5958A
for observations taken at HST/WFC3 on 2010 March 3. The dashed (dotted) line
in the periodogram represents the 10% (50%) false-alarm probability thresholds
given the number of frequency bins.

as well as the unique PSF of HST, aperture photometry is not the most precise
method. PSF-fitting photometry is ideal since the PSF of the WFC3 instrument
is well understood (private communication to Jay Holberg). We used the PSF-
fitting software developed by Jay Holberg to extract the photometry from our
data. Since most atmospheric and sky effects are nonexistent in space, variable
aperture photometry was not required or used. We used 36 comparison stars with
magnitudes between 17.5-25.0 to ensure the quality of our photometry.

No pulsations were detected to a limit of 16 mmags over the frequency range
of 1-3.25 mHz.

This object has a measured log g = 6.44 +0.20 and T, = 10,090 + 150 K with

a derived model mass of 0.18 M, (Bassa et al. 2006a).

60



Chapter 4

Observations of a Pulsator

! In Chapter 3 we observed many candidates for pulsations and discovered no
pulsations. In this chapter we detail observations of HS 182446000, a low gravity
77 Ceti that is certainly a C/O-core white dwarf. We carried out these obser-
vations shortly after its discovery by Voss et al. (2006) because they reported a
gravity and temperature that made it a likely He-core. However, their determi-
nation was based on photometric colors, and subsequent spectra by Gianninas
et al. (2007) showed it to certainly be a C/O-core white dwarf, albeit lower grav-
ity than average. Motivated by these observations, we compiled a list of all the
known (prior to July 2008) ZZ Cetis with spectroscopically determined gravities
of logg < 8.0. Using these ZZ Cetis we attempted to compare their observed

pulsation periods, in Figure 4.4, in an effort to distinguish a trend that could

IThis chapter is adapted and reproduced from Steinfadt et al. (2008b) with the permission
of the Astronomical Society of the Pacific and the University of Chicago Press.
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separate potential He core white dwarfs from C/O, a comparison that ultimately
failed. However, the list of observed pulsation periods is largely incomplete due to
the lack of extensive followup. This makes identifying specific modes (with their
spherical eigenvalues) of pulsation impossible except in those situations where
week-long continuous observations of objects have been made (e.g. Whole Earth
Telescope observations of HL Tau 76 and G117-B15A). Without mode identifica-
tion, comparison to models is impossible and no detailed constraints on theory

can be made.

4.1 Introduction

A detailed asteroseismological study of low-mass WDs with observations of
multiple modes of pulsation could provide strong constraints on their interior
structure. The mean period spacing of the modes, the rate of change in a mode’s
period over time, and multiplet splitting of individual modes can provide infor-
mation on the total mass, spin rate, magnetic field strength, mass of H envelope,
and core composition of the WD (Cérsico & Benvenuto 2002; Castanheira & Ke-
pler 2008). This has already been theoretically applied to distinguish between
C/O and O/Ne core WDs by Cérsico et al. (2004). The measured change in an
observed mode period in G117-B15 has also been used to constrain significantly
the C/O core composition of this object (Kepler et al. 1991, 1995, 2000, 2005b).

In Chapter 2 we have developed theory to predict the properties and Tyg—log g
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Table 4.1. Properties of HS 182446000

Voss et al. 2006 Gianninas et al. 2007

T (K) 11192 + 3002 11380 =+ 140P
log g (dex) 7.65 4+ 0.10? 7.82 4 0.04"
mp (mag) 15.7 15.7

Observed Frequencies (in mHz)

Voss et al. 2006 2.6 +0.4, 3.0+0.9, 3.3+0.4, 3.4+0.8
This Paper 2.751190 +£ 0.000010, 3.116709 £ 0.000006
3.495113 £ 0.000009, 4.443120 £ 0.000012

2Photometrically determined.

PSpectroscopically determined.

locations of pulsating very low mass (<0.2 M) He WDs.

We plot a version of the empirical instability strip in Figure 4.1. There is
a notable absence of low-mass (logg < 7.67) WDs within the instability strip.
There are a few possible ZZ Ceti stars of this low mass that are not plotted due
to the absence of firm spectroscopically determined log g and T.g measurements
(Eisenstein et al. 2006; Voss et al. 2007). Also shown are the He WD cooling
tracks of two models for ~ 0.19, 0.24, 0.40, and 0.45M; WDs (Althaus et al.
2001; Panei et al. 2007). The difference between these two models at low mass
is due to their different H envelope masses. Althaus et al. (2001) used a 1M,
main sequence star and truncated its evolution up the red giant branch at various
stages to produce He WDs of varying masses. Panei et al. (2007) used close

binary evolution expectations for main sequence stars of many masses to produce
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He WDs of varying masses. These different approaches cause the different remnant
H envelope masses that yield a degeneracy in the He WD mass and its position
in the T,g-log g plane. This degeneracy would be broken in the case of a ZZ Ceti
He WD where the pulsation mode spectrum would reveal the H envelope mass.

HS 1824+6000 (hereafter HS 1824, see Table 4.1) was initially observed by
Voss et al. (2006) to exhibit pulsations. Their photometrically determined log g
and T.g placed its mass at ~0.40 M using the tables of Althaus & Benvenuto
(1997). This mass was well within the theoretical expected mass range for He
core WDs making it an excellent object to compare and contrast its pulsation
frequencies with other C/O core and possible He core DAVs. However, later
spectroscopic measurement by Gianninas et al. (2007) determined its mass to be
~(0.51 M, beyond the expected mass range for He core WDs. In §4.2 we discuss
our own observations and differential photometry of HS 1824. In §4.3 we apply
a Lomb-Scargle Periodogram approach to a non-uniformly sampled time series in
order to obtain the pulsation frequencies of HS 1824. In §4.4 we report the results
of our observations and analysis.

In §4.5 we compare all observed ZZ Ceti periods with logg < 8.0. It is our
hope this will yield a ‘zeroth-order’ approach to He core identification in much the
same way T.¢ and log g measurements of field WDs identify likely ZZ Ceti stars.

No singular distinction is currently present.
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Figure 4.1: The empirical ZZ Ceti instability strip. The circles represent sys-
tems for which temporal observations have been performed. Filled circles indicate
systems not observed to vary while open circles indicate systems with observed
periods. These data are from Bergeron et al. (2004) and Gianninas et al. (2005,
2007). The vertical crosses represent low-mass WDs selected from the SDSS with
log g and Tug redetermined from MMT spectra from Kilic et al. (2007a). The
diagonal crosses are from Kilic et al. (2007a) except they are reanalysis of SDSS
spectra and are merely candidate low-mass WDs until better spectra can be ob-
tained. The square is LP 400-22 (Kawka et al. 2006; Kilic et al. 2007a). The star
is HS 182446000 (see Table 4.1, Gianninas et al. 2007). The error bar in the in-
stability strip represents the typical error for measurements within the instability
strip. The dashed lines are empirical fits to the instability strip as determined by
Gianninas et al. (2007). The solid (Panei et al. 2007) and dash-dotted (Althaus
et al. 2001) lines correspond to cooling tracks of He WDs of the labeled mass.
The labeled masses correspond to the following model masses (in M) for Panei
et al. (2007) and Althaus et al. (2001) respectively: 0.19 to 0.1869 and 0.196, 0.24
to 0.2495 and 0.242, 0.40 to 0.3986 and 0.406, 0.45 to 0.4481 (Panei et al. 2007
only).
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4.2 Observations

We observed HS 1824 (see Table 4.1 for properties) on eleven nights from 2006
August to 2006 October using the robotically operated 60-inch (1.52-m) telescope
at the Palomar Observatory (Cenko et al. 2006). All observations had 30 second
exposures with dead times ranging from 20-40 seconds. To reduce dead time, half
the CCD was read out. The large variance in the dead time was due primarily
to a technical problem within the automated observing software used to control
the telescope. The observing durations varied from 1-3 hours. The primary
2048 %2048 pixel, 11'x11’, CCD for the robotic Palomar 60-inch was used in all
observations with a Gunn g filter. We chose the Gunn g filter to optimize the
ratio of pulsation count amplitude to total stellar counts. It is a known trend that
this ratio is larger in bluer filters such as Gunn g (Robinson et al. 1982, 1995). A
clear filter would not be optimal as it increases the total stellar counts without a
comparable increase in pulsation count amplitude, thus reducing this important
ratio. Flat fielding, bias subtraction, and sky subtraction were performed within
the data pipeline of the Palomar 60-inch Telescope Archive (Cenko et al. 2006).
The sky subtraction was done as an inaccurate scalar value and for our purposes
was added back into the data and recalculated using standard, more accurate

IRAF? tools.

2IRAF (Image Reduction and Analysis Facility) is distributed by the National Optical As-
tronomy Observatory, which is operated by the Association of Universities for Research in As-
tronomy, Inc., under contract with the National Science Foundation. http://iraf.noao.edu
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4.2.1 Data Reduction

We used the IRAF package VAPHOT (Deeg & Doyle 2001) to dynamically de-
termine optimum aperture sizes as a function of seeing for our photometry. Given
a characteristic frame for each night, VAPHOT calculates an optimized aperture
using a PSF for each star that maximizes the signal to noise within the aperture.
This optimized aperture is then found as a function of the seeing. Then, for a time
series of frames, VAPHOT calculates the seeing value for each individual frame
and scales the optimized apertures accordingly. Finally, all aperture information
is input into the standard IRAF task phot which calculates counts within the
optimized aperture along with background noise counts measured in an annulus
just beyond the optimized aperture. For each night of observation, 21 comparison
stars were selected ranging g = 12 — 16 mag and along with the program star,
counts and background information were extracted using the VAPHOT task. Ad-
ditionally, the exposure start times for all frames of observation were converted
to barycentric Julian dates.

The uncertainty of this photometry for each aperture is given by;

Nbins
0tcp = €+ Mhins (1+b—) (Ns + Nz + Np), (4.1)

Nisky
(Howell 2006), where ¢ is the number of integrated source counts in photons,
Npins 18 the aperture area calculated by VAPHOT in pixels, ng, is the area of
the annulus used to calculate the background information in pixels, Ng is the

background counts per pixel, Ng is the read noise of the CCD in counts per pixel,
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and Np is the dark current in counts per pixel. We do not include the digitization
error as it is significantly less than our value for the gain. For our observations, ¢
was = 4 x 10* counts for HS 1824 and ~10*-10°® counts for the comparison stars,
while Ng ~ 40 — 600 counts, N2 ~ 25 — 60, and Np < 1 counts for t;,,; = 30 sec
integrations.

Additional uncertainty arises from atmospheric variability on spatial scales of
the CCD field of view. Scintillation is a dimensionless measure of the flux varia-
tions of a source observed through a finite aperture (our telescope) due to fluctu-
ations in the refractive index of the atmosphere caused by temperature changes.
Young’s formulation (Young 1967) of Reiger’s theory of scintillation (Reiger 1963)
gives Sint = Sod 22 X32e MM A f1/2 where Sy = 0.09 is a constant (Young
1967), d = 152 cm is the mirror diameter, X is the airmass, h = 1706 m is
the Palomar Observatory altitude, hy = 8000 m is a constant (Young 1967), and

Af =1/tin. The formal photometric error for each star in each frame is,

2 2 2 2
0 = 0ccp + SscintC (42)

which determines the count level, ¢, at which scintillation noise becomes compa-
rable to Poisson noise. This occurs at 9 x 10° counts at airmass 1.15 and 2x10°
counts at airmass 2.0. Compared to the total formal error given by Equation
(4.2), scintillation accounts for 10 — 40% of the error depending upon the airmass
(higher airmass account for higher percentages). Therefore, we are mostly limited

by Poisson counting statistics, but scintillation can become significant at higher
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alrmass.

4.2.2 Differential Photometry

Since the atmosphere is constantly changing, differential rather than absolute
photometry was used in the construction of our light curves. We used an ensemble
of comparison stars to reduce the noise level inherent in any single comparison
star. We used the weighting scheme detailed in Sokoloski et al. (2001) inspired by

Gilliland & Brown (1988). For our target star we define;

. cp(i) -
x(i) = A =1, ..
v Zﬁ:l Wi Crp ()

20\ op(i) Zfizl[wmam(i)]Q
%li) ~ [cpu)}* [Zgzlwmcm@ . .

: (4.3)

?

A7l = , 4.5
NZ D 1wncn(z) 439)

Wy = M (4.6)

> 0% (0)
where z(7) is the count ratio for the i’th image, ¢,(7) and 0,(i) are the background-
subtracted counts and uncertainty of the program star, ¢,,(i) and o,,(i) are the
background-subtracted counts and uncertainty for the m’th comparison star in
the 7’th image, K is the number of comparison stars, and N is the total number
of frames in the light curve. The weights of the m’th comparison star, w,,, are the

same for every image, while A is a normalization factor that gives x(i) meaning
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such that,

Acy(i) = & (2(i) — 1), (4.7)

where ¢, is the mean background subtracted counts of the program star and Ac,(7)
is the difference in the total counts of the ith frame compared to the mean counts

of the program star for that night.

4.3 Lomb-Scargle Timing Analysis

The robotically controlled Palomar 60-inch presents a few challenges for time
domain observations. First is the variable dead time of 20-40 seconds after a 30
second exposure. Second, the automated observing program sometimes places a
higher priority on other targets, thus placing temporal gaps in our time series.
While data gaps can be addressed in discrete Fourier analysis, large variations in
timing is a much more difficult problem that we address via the Lomb-Scargle

periodogram approach.
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Scargle (1982) defines a periodogram as a function of the angular frequency w

(in rad s71) as follows;

(22wl costwlt = 7))]

1
B TS et )
{jszmnmwm—ﬂQQ "
S st 1) | |
B SV sin(2uwt;)
tan(2wt) = Zfil cos(2t). (4.9)

where x(t;) is Ac,(i) from our differential photometry (§4.2.2) and ¢; is the start
time in seconds of the i’th frame. Further considerations by Scargle (1982) and
Horne & Baliunas (1986) showed that the probability distribution of power at
frequency w (with Gaussian white noise) is Prob(P(w) > z) = e * when the

periodogram is normalized as
P(w) = P(w)/d?, (4.10)

where o is the total measured variance of x(t) over the entire time series. Horne &
Baliunas (1986) also showed that for data with periodic signals, the normalization
factor remains the total variance of the raw data with the signal present.

The exp(—z) probability distribution quantifies the significance of any signal
seen within the periodogram, allowing us to find the probability that the noise
(presumed to be independent and normal) would, by itself, produce a power of
z. This allows us to generate a false-alarm probability that states if we scan M

independent frequencies then the probability that the intrinsic noise produces a

71



power greater than z in any one of the frequency bins is

Prob(Any Power > z) =1 — (1 —e *)M. (4.11)

A periodic signal is thus significant to 90% over all M sampled frequencies if the
false-alarm probability is 10%. Since our noise is not exactly normally distributed
due to the presence of unresolved pulsations which assure some correlation between
data point the precise significance may be slightly lower than this. However, this
will not have any consequence for our results.

All 21 comparison stars would not produce the most stable comparison set.
To determine the optimum ensemble of comparison stars for a given observing
run, every comparison star was compared to all other comparison stars one at
a time by calculating light curves (§4.2.2) and periodograms (§4.3). Such an
analysis reveals consistent frames where a comparison star has a count value much
beyond the scatter of the normal light curve. In these cases, that frame and
comparison star were analyzed using standard IRAF tasks to determine what
caused the contamination (e.g. cosmic ray strike, drift into bad pixel due to poor
guiding). Almost always, these comparison stars were then excluded from the
optimum comparison star ensemble for that night only. The periodograms found
those comparison stars with consistent frequency content due to possible intrinsic
variability. These comparison stars were also excluded. Individual frames were
excluded when the program star was contaminated by cosmic ray strikes, or the

entire frame was affected by a high background level or poor seeing.
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Comparison stars were also excluded when color-airmass effects could not be
adequately removed via a de-trending second order polynomial. This was done by
comparing all comparison stars to HS 1824 individually and looking for high levels
of noise in the lowest frequency domain of the periodogram. De-trending with a
second order polynomial is acceptable in our situation as the periods of pulsation
are much shorter than the hours time-scale it takes for changing color-airmass.
The resulting optimum comparison star ensemble was then used to compute the
HS 1824 differential light curve (§4.2.2), which was de-trended through the sec-
ond order polynomial fitting, and the final light curve processed through the

periodogram (§4.3).

4.4 Final Light Curves and Periodograms: Re-

sults

Using Equation (4.11), we determined an observed power to be significant in
any periodogram if the probability was greater than 90% (false-alarm probabil-
ity less than 10%) over all sampled frequencies. A summary of all significant
frequencies is in Table 4.2, where the frequency uncertainty reported is the sepa-
ration of the frequency bins in the periodogram. Figure 4.2 shows the differential
light curves and periodograms for our four longest data sets. The data from the

four longest observations allow us to construct a weighted average to arrive at
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2.73 £0.03 mHz (366 sec), 3.12 £ 0.02 mHz (321 sec), 3.53 £ 0.03 mHz (283 sec),
and 4.45 £ 0.05 mHz (225 sec). The 2.7 and 4.4 mHz frequencies are confirmed in
three nights, the 3.5 mHz frequency in two nights, and the 3.1 mHz frequency in
nine nights. Excess power is often observed in these frequencies on other nights
although not to the required significance level (90%).

Our final analysis combined all eleven nights of data into one data set. Sky
conditions were not the same for all nights, so the individually reduced data as
described above was used and then combined. Barycentric Julian dates must
be used in this analysis as changes in the Earth’s orbital position in the solar
system can account for as much as a eight seconds per day change in light arrival
time. This composite data set was spectrally analyzed using the Lomb-Scargle
periodogram and the result is plotted in Figure 4.3.

All four detected frequencies are recovered to our 90% confidence, however,
the imprint of our window function makes it difficult to determine any gains in
precision over the individual nights. To address this concern we used a method of
least-squares fitting of sinusoids at all four detected frequencies, allowing a single
frequency to vary while fixing the remaining frequencies and minimizing Xfcit. The
old detected frequency was then replaced with this more accurate frequency. This
was done for all four frequencies and repeated recursively until all four frequencies
no longer changed values significantly. This method gives us accurate determina-

tions of the frequencies, amplitudes, and phases of the four detected frequencies.
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To determine the precision of these new measurements we used a more robust
Xfcit minimization technique allowing all parameters to vary, now including the
frequencies. The inherent non-linearity of the fitting model requires the use of the
Levenberg-Marquardt method which is given the accurate determinations of the
frequencies, amplitudes, and phases of the four detected frequencies as a starting
point. This method incorporates the calculation of the covariance matrix which
in turn gives us a measure of the precision of each parameter of the best-fit model.
This yielded more precise values of 2.75119040.000010 mHz, 3.116709 £ 0.000006
mHz, 3.495113 + 0.000009 mHz, and 4.443120 4+ 0.000012 mHz, more than a 1000
fold increase in precision.

This new fitted sinusoidal function was then subtracted from the data and its
periodogram can be found in the lower panel of Figure 4.3. The striking features
of this de-signaled periodogram is the remainder of two signals of significant power
near 4.44 mHz and 5.75 mHz. However, the false-alarm probability arguments are
not valid in a data set where signals have been removed artificially. Interestingly,
the excess power near 4.44 mHz is in a frequency bin significantly offset from our
reported detected frequency. If we treat both of these left over frequencies as real
pulsation frequencies and use our algorithm, we find that there may exist two
more detected frequencies at 4.450643 + 0.000017 mHz and 5.755451 + 0.000018
mHz. The existence of these frequencies is questionable because neither frequency

had enough power to reach our required false-alarm significance level in the full
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four significant to 90% detected frequencies) data set . For both plots the dashed
lines denote power level required for 90% significance.
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data set. Additionally, the new 4.450643 mHz frequency is entirely lost within
the window function around the original detected frequency. When we de-signal
the entire data set with the least-squares fitted sinusoidal function including the
six frequencies, the resulting periodogram no longer contains any frequency bins
with significant power. The existence of these two pulsation frequencies is uncer-
tain until better data with higher frequency sampling and more amicable window

function can be obtained.

4.5 Conclusions

We have successfully detected four pulsation frequencies (periods), 2.751190
mHz (363.479 sec), 3.116709 mHz (320.851 sec), 3.495113 mHz (286.114 sec), and
4.443120 mHz (225.067 sec), in multiple observations of HS 1824+6000. There
are also two possible pulsation frequencies (periods) at 4.450643 mHz (224.687
sec) and 5.755451 mHz (173.748 sec). With these periods of pulsation in HS
1824, the question remains if it, or other low gravity systems, can be empirically
distinguished from the normal C/O core ZZ Ceti population. To answer this we
compiled all known ZZ Ceti stars with published pulsation periods and spectro-
scopically measured gravities of log g < 8.0. This search resulted in 30 systems
including HS 1824. In Figure 4.4 we plot all reported periods for these 30 systems.
Across all of these ZZ Ceti systems there exist many reported pulsation periods

ranging from 100 — 1400 sec. However, it is apparent that better than half of the
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Figure 4.4: Spectrum of reported pulsation periods for published ZZ Ceti systems with spec-
troscopically determined log g < 8. HS 1824 is highlighted in gray with its four observed period
locations marked with four vertical lines. Some marks represent more than one (very closely
spaced) observed pulsation period, see references for details. HL Tau 76 lists only the verified
independent pulsation modes of Dolez et al. (2006). Several systems listed here are not included
in Figure 4.1 as their log g and T measurements are not of sufficient precision. References: 1 -
Castanheira et al. 2006, 2 - Mukadam et al. 2004a, 3 - Vauclair et al. 2000, 4 - Silvotti et al. 2005,
5 - Gianninas et al. 2007, 6 - Gianninas et al. 2006, 7 - Mullally et al. 2005, 8 - Bergeron et al.
2004, 9 - Dolez et al. 2006, 10 - Bergeron et al. 1995, 11 - Kepler et al. 2005a, 12 - Mukadam
et al. 2002, 13 - Mukadam et al. 2003.
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reported periods reside within the range of 150 — 400 sec. The four periods of HS
1824 are indistinguishable from the rest of this set of ZZ Ceti stars. Further, there
does not appear to be any distinction between the two low-mass (logg < 7.67)
systems (HE 0031-5525, SDSS J2135-0743, Castanheira et al. 2006) and the rest
of the set. With this current set of data it appears that this empirical analysis of
reported pulsation periods is not sufficient to distinguish a suspected He core from
a normal C/O core. However, HE 0031-5525, and SDSS J2135-0743 (Castanheira
et al. 2006) are very close to the boundary of He and C/O core WDs and within
the errors of their log ¢ measurements may be C/O cores.

It remains uncertain as to what degree this period spectrum comparative anal-
ysis can succeed. There are two primary differences between He and C/O core
WDs that affect g-modes: the contrast in mean molecular weights in their cores,
and the one fewer stratified layer in a He core object. G-modes penetrate deeply
into the core, so that differences in the Brunt-Véisila profile there (due to the
mean molecular weight; see Deloye & Bildsten 2002) significantly change the re-
sulting mode period spectrum (Arras et al. 2006). The stratified layers of material
within the WD also affects how different pulsation modes are trapped, driven, and
excited (Coérsico & Benvenuto 2002; Arras et al. 2006). He core WDs possess only
two zones of He and H, while C/O core WDs possess the additional zone of C/O.
Qualitatively, both of these differences would produce differences in the mode

period spectra. Chapter 2 investigates in detail these issues.
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Most reported systems in Figure 4.4 were found in observational campaigns
looking only for pulsations in an effort to constrain the ZZ Ceti instability strip.
In most cases, no attempt was made to distinguish observed pulsation periods as
independent modes, as opposed to linear combinations of modes. This analysis
was neglected in large part due to the lack of extensive follow up. Our observations
of HS 1824 showed most single nights of data contain the pulsations of one specific
period and it was a rarity to find a night of data with multiple pulsation periods.
Ideally, very long gapless observations on the order of several days would address
these problems very well. These observations could be obtained through the
use of telescope networks such as the Whole Earth Telescope® as was done with
HL Tau 76 (Dolez et al. 2006) and G117-B15A (Kepler et al. 1991, 1995) and
the Las Cumbres Observatory Global Telescope*. We look toward future, more
detailed observations of many low-mass and normal-mass ZZ Cetis to help provide

a measurable distinction between He and C/O core compositions in WDs.

3http://www.physics.udel.edu/darc/wet
4http:/ /www.lcogt.net
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Chapter 5

Discoveries of Two Eclipsing

Binary Systems

Formation theories of helium white dwarfs predict that a large fraction should
be in binary systems (especially those <0.2M,). The common envelope phases in
which helium white dwarfs are born trade orbital angular momentum and energy
to eject the envelope, a process that tighten these binaries to orbital periods
short enough that gravitational wave emission will eventually bring them into
contact. For these pre-contact systems, the probability of seeing an eclipse can
be quite high, reaching 15% for P,;, = 1hr. The eclipses themselves vary in
properties according to the possible companions in these systems. They can be
short, durations of a few minutes, and shallow or deep in fractional flux, depths

of a few percent to near total. A fortuitous side-effect of the pulsation search we
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performed in Chapter 3, with a cadence <60s and precision ~1%, is that we are
very sensitive to these eclipses. In fact, we have discovered two unique eclipsing
binary systems. In Section 5.1 we detail our discovery of a partially eclipsing low-
gravity C/O white dwarf in a binary with an M-dwarf star, SDSS J1435+3733.
Our analysis lacks radial velocity data and the partially eclipsing nature of this
system hinders our ability to constrain the system and component properties.
Fortunately, Pyrzas et al. (2009) have followed up our discovery and constrain the
WD to be 0.48-0.53 M, and 0.0144-0.0153 R,. In Section 5.2, we present our
discovery of the first eclipsing detached double white dwarf system, NLTT 11748,
a system with both He and C/O white dwarfs. Our data already constrain the
properties of the He white dwarf, but ongoing and future observations of this
system will allow us to make the first model independent constraints of a He

white dwarf.

5.1 Discovery of the Partially Eclipsing White

Dwarf Binary SDSS J143547.87+373338.5

! Eclipsing binary systems offer unique opportunities for precise measurements
of stellar properties. With full radial velocity and light curves (commonly from

eclipsing double-lined spectroscopic binaries), the masses and radii of both com-

IThis section is adapted and reproduced from Steinfadt et al. (2008a) with the permission of
the American Astronomical Society.
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ponents are measured to very high precision and accuracy.

We discovered that the « = 17.7 and ¢’ = 17.1 mag binary
SDSS J143547.87+373338.5 (hereafter J1435, Eisenstein et al. 2006) undergoes
a partial eclipse of the WD by its low-mass companion with a period of 3hrs
and a transit time of ~480sec. The eclipsing M dwarf secondary is expected to
contribute <4% in the blue band BG-39 filter. Measurements by Génsicke et al.
(private communication, Rebassa-Mansergas et al. 2007) give an accepted range
of WD masses of 0.35-0.58 M, (see Table 5.1 and Section 5.1.2). Our analysis in
Section 5.1.2 using model fits to the partial eclipse produce main sequence (MS)
solutions using Baraffe et al. (1998) for the M dwarf of Mg ~ 0.15-0.35 M, and
Rg ~ 0.17-0.32 R, making it a candidate for probing the stellar structure of the
low-mass MS. The M dwarf is further constrained in Section 5.1.3 by using the
SDSS spectrum and is expected to be of type M4-M6 with Mg ~ 0.11-0.20 M.
Measuring the ingress and egress as well as ellipsoidal and reflection effects in
multiple color filters of the J1435 eclipse would probe the WD atmosphere.

In Section 5.1.1 we detail our observations and data reduction. A deep analysis
for Z7 Ceti type pulsations revealed no pulsations down to a 4 mmag detection
limit (see Section 3.3.6 for details). In Section 5.1.2 we discuss our analysis of the
eclipse light curve and use it to constrain the properties of J1435. In Section 5.1.3
we discuss the consequences our results along with the SDSS spectrum have on

the properties of the secondary star.
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Table 5.1.  Properties of SDSS J143547.87+373338.5

Property  Kisenstein et  Gansicke et  Gansicke et
al. (2006) al. (Hot) al. (Cold)

T.e (K) 11062 £ 58 12681 +£990 12392 =+ 350
logg (dex) 6.86040.038 7.68+0.20 7.8240.14
Mywp (M) 0.20% 0.35P 0.58¢
Rwp (Ro) 0.02732 0.0178P 0.0132°

2From Althaus & Benvenuto (1997) He core model, using
log g = 6.86.

PFrom Althaus & Benvenuto (1997) He core model, using
log g = 7.48 lower limit.

°From Althaus & Benvenuto (1998) C/O core with
10~*M,, H envelope model, using log g = 7.96 upper limit.

5.1.1 Observations and Data Reduction

SDSS J1435 was targeted, along with many other objects, in a campaign to
discover very-low-mass (He core) and very-high-mass (O-Ne core) pulsating DA
WDs (ZZ Cetis). From within the Sloan Digital Sky Survey, Eisenstein et al.
(2006) released over 9,000 spectroscopically classified WDs. We selected only those
DA objects within the empirical ZZ Ceti instability strip (Gianninas et al. 2006;
Mukadam et al. 2004b) of either low (log g < 7.45) or high (log g > 8.7) gravity.
J1435 was among several dozen objects that met the low gravity criteria and was
visible during our observing run of 29 May through 1 June 2007. In Table 5.1 we
list the properties of J1435 as measured by Eisenstein et al. (2006) and Géansicke

et al. (priv. com., Rebassa-Mansergas et al. 2007). We report both a ”cold” and
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"hot” solution for the WD parameters as the equivalent widths of the Balmer
lines go through a maximum near Tig ~ 13,000 K (dependent on log g) and two
solutions of similar quality result on either side of this maximum. In most cases,
this degeneracy is lifted by fitting the overall shape of the spectrum, however,
since J1435’s Teg is so near the maximum, both solutions are indistinguishable
(Rebassa-Mansergas et al. 2007). The large discrepancy in parameters is because
Eisenstein et al. (2006) did not spectrally subtract the companion’s contribution
whereas Génsicke et al. (priv. com., Rebassa-Mansergas et al. 2007) did.

We observed J1435 on the nights of 29 May, 31 May, and 1 June 2007 with the
3.5-meter WIYN telescope at the Kitt Peak National Observatory. All observa-
tions used the OPTIC camera with two 4Kx2K pixel CCDs side-by-side (15 pum
pixels) for a total of 4K x4K pixel viewing area with a full frame field of view of
9/5x9!5 (Howell et al. 2003). Exposure times were 15 seconds over ~2hr for the
29 May and 31 May observations, and 40 seconds over ~3.5hrs on 1 June. All
exposures were with the broadband BG-39 filter (\. =~ 4800A, FWHM ~ 26004).
The 4Kx4K total pixel CCD was binned 2x2 to reduce the readout time to
~8.1 seconds, which varied by ~0.03 seconds during a night.

All images were reduced by applying an averaged two dimensional bias sub-
traction, and were flattened using averaged and normalized dome flat field images
taken immediately prior to the night’s observations. All tasks were performed us-

ing standard tasks within IRAF (Image Reduction and Analysis Facility). Light
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Figure 5.1: Top Panels: Light curves of all three nights in relative magnitudes.
Bottom Panel: Phased light curves of all nights centered on the primary eclipse
and in relative flux units. Note the representative average error bar of the mea-
surements (grey points). The solid line is the eclipse fit (see Section 5.1.2) for
Mywp = 0.35 My, (first line in Table 5.2). The other two lines are the best possible
fits for other MS masses at My p = 0.35 M.
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curves were produced by extracting fluxes from the program star and several
comparison stars and taking their ratios. Fluxes were extracted using the IRAF
package VAPHOT (Deeg & Doyle 2001), which applies a dynamic method to aper-
ture size adjustment (both flux apertures and sky background estimation annuli)
to account for variable seeing. Fifteen comparison stars were selected within the
frame ranging from B =~ 16 to 19.5. Differential photometry was performed us-
ing the comparison star weighting scheme detailed in Sokoloski et al. (2001) and
inspired by Gilliland & Brown (1988).

Though targeted as a possible ZZ Ceti using the T,y and log g measured by
Eisenstein et al. (2006), the new T.g and logg measurements by Génsicke et
al. (priv. com., Rebassa-Mansergas et al. 2007) place it outside the empirical
instability strip (Gianninas et al. 2006; Mukadam et al. 2004b). It is therefore not
surprising that our Lomb-Scargle periodogram analysis found no (to 4 mmags)

pulsations in the frequency range of 1-17 mHz.

5.1.2 Eclipse Analysis

All three nights of observation show distinct primary eclipses (see Fig-
ure 5.1). Using the technique developed by Kwee & van Woerden
(1956), fits to the transit centers of these eclipses show primary minima
at HJD 2,454,249.711028 £ 0.000016, 2,454,251.7211338 + 0.0000044, and

2,454,252.8517916 + 0.0000051. Combining these primary minimum epochs
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gives an ephemeris of HJD 2,454,249.711056 + 0.000011 + N 0.12562974 +
0.00000055. Our analysis obtains an orbital period of P = 3.01511440.000013 hrs
(10,854.410 £ 0.048 sec) and a transit time (measured as first departure from and
full recovery to maximum light) of 7 ~ 480 sec.

We constrain the secondary through detailed modeling of the eclipse light
curve. There is no evidence of a secondary eclipse, so we only model the primary
eclipse and assume the secondary star to be a black (non-luminous) disk. If we
assume a point light source WD, Ry p < Rg, Kepler’s Law and the system’s
partially eclipsing geometry lead to a degeneracy between Mg, Rg, and i. We
can connect Mg and Rg with a MS M — R relation, but are unable to break
the relationship to ¢. This last degeneracy is broken by giving the WD its finite
physical extent, Ry p, and modeling the WD disk with a standard linear limb
darkening law (van Hamme 1993): 1(0)/1(0°) = 1 — urp [l — cos(0)], where 6
is the angle made by the normal vector to the WD surface to the line-of-sight.
We obtain the range My p = 0.35-0.58 M by using the logg and T, ranges
measured by Génsicke et al. (priv. com., Rebassa-Mansergas et al. 2007, see
Table 5.1). The low mass limit uses the He core WD cooling tables of Althaus
& Benvenuto (1997) while the high mass limit uses the cooling tables of Althaus
& Benvenuto (1998) for a C/O core WD with a 107*M; H envelope of solar
metallicity. Finally, we assume circular orbits and the geometry of an inclined

system of orbiting masses. In all, there are seven parameters: My p, Mg, Rwp,
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Rg, i, P, and upp. We fit simple cos(®) and cos(2®) functions to determine the
strength of reflection and ellipsoidal variations (respectively) on the light curve,
but found no such variations at the 0.5% level. We neglect the modeling of these
variations.

In Figure 5.2 we present the three-sigma yZ, contours for the Ry — Mg pa-
rameter space for two values of the linear limb darkening coefficient and extreme
WD masses of the accepted range. We obtain a contour by fixing P, urp, Mwp,
and Rwyp. Then at each point in the Rg — Mg parameter space we minimize
X%, with respect to the inclination and adopt this x%, value for that mass and
radius. Our data tightly constrains the radius of the secondary while very loosely
constraining the mass if we assume a specific linear limb darkening coefficient and
WD solution with non-negligible radius. Figure 5.1 shows a comparison of model
fits to the observed light curve for one set of WD parameters and three sets of MS
parameters fit over ¢. This figure plainly shows the broken degeneracy between
Mg — Rg and 7.

When modeling the limb darkening of a WD atmosphere with a linear law,
the coefficient depends upon the effective temperature and the bandpass of the
filter. Insufficient data exists to define this dependence, so we used two values
bracketing the measured range of similar systems: uypp = 0.3—-0.5 (Littlefair et al.
2006b, 2007; Maxted et al. 2007).

Given the present uncertainties and range of RL fillings, we simply assume
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sign of He enrichment. Region II requires a secondary which is less dense than a
MS star of its mass, most likely not in thermal equilibrium and still contracting
to the MS. Lower Panel: Radial velocity amplitudes for the WD and secondary
for the MS solutions in the Upper Panel.
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Table 5.2. Best Fit Main Sequence Secondary Solutions

Mwp urp Mg Rg { VewbD Vr.s
(Ms) (M) (Ro) (deg) (km/sec) (km/sec)
0.35 0.3 0.143 0.167 79.3 95.7 234
0.35 0.5 0.148 0.172 79.0 98.3 233
0.58 0.3 0.340 0.320 724 146 248
0.58 0.5 0.349 0.327 72.0 148 246

that the secondary star has the Mg—Rg relation from Baraffe et al. (1998). The
MS solutions for the two extreme accepted WD masses and two limb darkening
coefficients are in Table 5.2. Further, we investigated how the secondary star
solution would change with the WD mass. In Figure 5.3 we plot the best fit MS
star solutions using He core and C/O core WD models from Althaus & Benvenuto
(1997, 1998) in the Mg—My p parameter space.

We bound this space for low Mg by requiring that our system not be in RL
overflow. If we assume our system to be at the boundary of RL overflow we can
minimize xZ along the RL overflow boundary shown in Figure 5.2. The result of
this minimization can be seen in Figure 5.3 as the boundary of the shaded region.
The scaling of this curve is simply understood by considering the geometry of
inclination and the circular orbits of two masses. By requiring an inclination
where the WD is just fully eclipsed at zero phase, using the period and transit
time of the binary, the radius of the secondary is found as a function of My p and

Ms. Equating this radius with the RL filling radius of Eggleton (1983) gives Mg
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as a function of My, p whose scaling closely follows that of the curve in Figure 5.3.
Any system below this line must be in RL overflow. Figure 5.3 clearly illustrates
two regimes for the secondary star. Region I requires it to be more dense than
that of a MS star of the same mass, therefore, if found in this region it would
be a likely sign of He enrichment in the secondary from a prior stage of mass
transfer (Pylyser & Savonije 1989). Region II requires the secondary star to be
less dense than that of a MS star of the same mass, therefore, if found in this
region, the secondary would likely not be in thermal equilibrium. Both of these
conditions are only possible if J1435 is a mass transfer system that is temporarily
out of contact. That being said, the most likely explanation for J1435 is a pre-
Cataclysmic Variable (pre-CV) where the M dwarf is a MS star that has yet to

make contact.

5.1.3 Discussion

Our analysis of J1435 is far from complete. With a single color light curve of
the primary eclipse, only broad constraints may be placed upon the parameters
of the system (see Section 5.1.2). Therefore, we look to future observations in
multiple colors as well as full spectra over the entire orbit to increase the precision
and accuracy of the system parameters. Our observations in a very blue bandpass,
while ideal for a ZZ Ceti pulsation search, puts the effects of an M dwarf secondary

eclipse at a level far below the precision of our observations. A redder bandpass
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would allow for better observation of the secondary eclipse and resulting model fits
would provide additional constraint to J1435’s components. Full spectral coverage
over the entire orbital period would ideally reveal a double-lined binary system
yielding velocity curves for both components. With these velocity curves, good
measurement of the inclination of the orbit can be made.

One spectrum of J1435 was observed in the SDSS (York et al. 2000) and within
the errors of our ephemeris the entire exposure was taken out of eclipse. Visual
inspection of the SDSS spectrum and comparison with M dwarf spectra from
Bochanski et al. (2007) clearly place the secondary star’s spectral type to be later
than M4, consistent with under-filling the RL at P = 3 hrs with Mg < 0.2M
(Knigge 2006). Using the empirical M dwarf colors from Bochanski et al. (2007)
we fix the colors of the secondary at v’ — ¢’ > 2.3 and ¢’ —¢' > 3.0. Therefore, the
M dwarf contribution in the BG-39 filter would be <4% of the total system flux.
This is consistent with the 10% remaining flux observed at maximum eclipse and
the lack of an observed secondary eclipse.

Further constraint of the secondary mass is possible by using the SDSS spec-
trum, synthetic WD spectra, and WD and M dwarf absolute magnitudes. We
used a synthetic WD spectrum provided by Génsicke et al. (priv. com., Rebassa-
Mansergas et al. 2007) within the J1435 T,z and log g parameters and scaled it
to fit the Balmer absorption lines shorter than 500 nm in the SDSS spectrum. In

the Johnson V filter at 560 nm, the contribution from a WD with our synthetic
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spectrum requires the M dwarf to be ~2.3 magnitudes fainter. Using Holberg &
Bergeron (2006) for WD and Knigge (2006) for M dwarf absolute magnitudes, we
find the M dwarf to be in the spectral range M4-M6 with Mg = 0.11-0.20 M.
This analysis is in contrast to that of Silvestri et al. (2006) which found the
M dwarf spectral type of J1435 to be M2-M4 with Mg = 0.20-0.55 M. It is clear
that much more rigorous spectral analysis needs to be carried out if it is to be
used to constrain the secondary mass.

We expect that J1435 is a pre-CV system with the M dwarf secondary on
or near the MS. Two systems with similar parameters to J1435, MS Peg and
NN Ser, have calculated times to contact of ~1.5Gyrs (Schreiber & Génsicke
2003). There are little more than a dozen eclipsing double-lined spectroscopic
binaries containing M dwarfs below 1M, (Bayless & Orosz 2006; Hebb et al.
2006; Ribas 2006; Young et al. 2006; Devor et al. 2008; Lopez-Morales & Shaw
2007; Shaw & Lépez-Morales 2007). If J1435 were found to be a double-lined
spectroscopic binary, from which velocity curves for both components could be
found and its parameters found to high precision, it would be a significant addition
to this group especially being below 0.35M, where theory (Siess et al. 1997;
Baraffe et al. 1998; Yi et al. 2001) would benefit. However, many recent surveys
are revealing many WD post common envelope binary systems as well as several
more eclipsing systems (Rebassa-Mansergas et al. 2007; Drake et al. 2009; Pyrzas

et al. 2009; Rebassa-Mansergas et al. 2010).
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5.2 Discovery of the Eclipsing Detached Double

White Dwarf Binary NLTT 11748

2 Double white dwarfs (WDs) in tight enough (P, < day) binaries to reach
contact in a Hubble time are expected on theoretical grounds (Nelemans et al.
2001), and are presumed to be the progenitors of highly variable objects: R CrB
stars, AM CVn binaries, and Type Ia supernovae (Iben & Tutukov 1984; Webbink
1984). However, examples of these systems are rare, with only 10 known prior
to May 2010 (Nelemans et al. 2001; Badenes et al. 2009; Mullally et al. 2009;
Kilic et al. 2010b; Marsh et al. 2010; Kulkarni & van Kerkwijk 2010). Many
of these binaries are of immediate interest for the Laser Interferometer Space
Antenna (LISA), providing ‘verification” sources loud enough to be detected in
space (Nelemans 2009).

Spectral measurements of the high proper motion object NLTT 11748 by
Kawka & Vennes (2009) revealed it to be a low-mass (<0.2 M) helium core WD
with logg = 6.2 £ 0.15 and T.s = 8540 £ 50K and an H-rich (DA) atmosphere.
The strong expectation that low-mass He WDs can only be formed in common
envelope events led Kawka & Vennes (2009) to note that this object was likely a

1

binary. Indeed, they found a 40 km s velocity difference between two measured

spectra. NLTT 11748 was originally targeted in a ZZ Ceti like pulsation search

2This section is adapted and reproduced from Steinfadt et al. (2010b) with the permission
of the American Astronomical Society.
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based on theoretical calculations and the log g and T.g measurements (Steinfadt
et al. 2010a). In this failed pulsation search, our rapid (=~1minute) differential
photometry with the Las Cumbres Observatory’s Faulkes Telescope North (FTN)
revealed ~180s 3%—6% dips, which were confirmed by Keck spectroscopy to be
primary and secondary eclipses from a ~0.7 M, faint C/O WD companion orbit-
ing at 5.6 hr.

NLTT 11748 joins the growing class (Kawka et al. 2006; Kilic et al. 2007a;
Mullally et al. 2009; Kilic et al. 2010b; Marsh et al. 2010; Kulkarni & van Kerkwijk
2010; Badenes et al. 2009) of WD binaries where the low-mass WD is a very low-
mass (<0.2 M) helium core WD.

Our observations are summarized in Section 5.2.1, demonstrating that the
companion to NLTT 11748 is a cold (T S 7400K), old (1.5-3 Gyr) C/O WD.
We show in Section 5.2.2 that eclipse modeling yields the first radius measurement
of an extremely low-mass WD. We close in Section 5.2.3 by discussing the value

of additional measurements for constraining WD mass-radius relations.

5.2.1 Observations

We targeted NLTT 11748 as part of an observational search for ZZ Ceti like
pulsations from low-mass He core WDs (Steinfadt et al. 2008b, 2010a; see also
Section 3.3.11 for pulsation detection limits). Our photometric discovery led to

our Keck spectroscopy, both described here.
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Figure 5.4: Top panel: phased radial velocities from Keck/HIRES Ha measure-
ments over two consecutive nights. The black line is the (e = 0) sinusoid with
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set shows the phase combined Ha spectrum, in arbitrary flux units, with fitting
function over plotted. Bottom panel: phased photometric light curve for all three
nights of data. The error bar represents 4-5 mmag uncertainty.
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Table 5.3. Measured and Derived Quantities for NLTT 11748

Quantity Value
HIRES spectra
Rad. vel. amp., K; (kms™!) 271(3)
Sys. radial velocity, v, (kms™!) 133(2)
x?/dof 4.5/6
FTN photometry

Time of prim. ecl. (BJD TDB) 2,455,196.87828(7)
Period (days) 0.2350606(11)
Ephemeris x?/dof 3.5/3
Primary eclipse depth, d; 0.067(3)
Secondary eclipse depth, ds 0.034(2)
Primary ecl. duration, 7, (s) 180(6)
Secondary ecl. duration, 75 (s) 185(10)
Fy/F, (in SDSS-¢) 0.035(3)
Out of eclipse* x?/dof 404.8/372

Combined data (assuming Mass of Primary M; = 0.15M,)
Limb darkening coefficient, ur,p 0.0 0.3 0.5
Mass of secondary, My (M) 0.71(2) 0.71(2) 0.71(2)
Inclination (deg) 80.90(11) 89.88(11) 89.87(11)
Radius of primary, Ry (R) 0.0393(9) 0.0406(9) 0.0415(9)
x2/dot® 985.1/227 279.5/227 276.5/227
Distance®(pc) 150(32)
Sys. kin. (U, V, W)d(kms™") (-151(9), -183(41), -34(5))

Note. — Quantities in parentheses are 1o uncertainties on the last

digit.

2Excluding £0.005 cycles around each eclipse.

PResult of fitting phases 0.1 cycles around each eclipse.
°Scaled from Kawka & Vennes (2009) using our R;.
dCalculated from the proper motion (Kawka & Vennes 2009) cor-

rected to the local standard of rest (Hogg et al. 2005) and our updated

distance.
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Faulkes Telescope North Photometry

Photometric observations were done with the 2-m robotic (FTN) (Lewis et al.
2010), part of the Las Cumbres Observatory Global Telescope (LCOGT) network?,
on Haleakala, Hawaii. We used the Merope camera with 2x2 pixel binning for a
pixel scale of ("28 pixel ™! and a 4/75x4/75 field-of-view. Our observational setup,
consisting of the SDSS-¢’ filter and 45s exposure time (with ~22s dead time),
was aimed at detecting pulsations, expected to be at the few minutes timescale
(Steinfadt et al. 2008b, 2010a). Preliminary reduction, including bias and flat-
field corrections using standard IRAF? routines, is done automatically at night’s
end.

Our first observation on 2009 December 22 (night 1) was for 4hr. We im-
mediately identified two dips in the light curve, ~3 minutes in duration and a
few percent in depth, indicative of eclipses. To verify the existence of eclipses
we observed the system again on 2010 January 8 (night 2), for 3.5 hr, revealing
two similar eclipses at the expected times based on the previous observations. An
additional 30-minute observation was obtained on 2010 February 3 (night 3).

Photometric processing was carried out using IRAF aperture photometry and
the VAPHOT package of routines (Deeg & Doyle 2001). Three comparison stars

were selected to yield a light curve with the smallest variance. In 45s expo-

3http://lcogt.net

4IRAF is distributed by the National Optical Astronomy Observatory, which is operated by
the Association of Universities for Research Astronomy, Inc., under cooperative agreement with
the National Science Foundation. http://iraf.noao.edu

102



sures, each of these stars accumulated ~4x10° e~ while NLTT 11748 accumulated
~7x10° e~. The differential light curve for NLTT 11748 was constructed using the
scheme detailed in Steinfadt et al. (2008b, inspired by Sokoloski et al. 2001). A
de-trending second-order polynomial removed uncorrected long-term variations,
such as color—airmass effects. For all data points outside of eclipses we find a
x?/dof of 404.8/372, indicating a reasonable estimate of our uncertainties.

After considering the radial velocity measurements in Section 5.2.1, we found
that nights 1 and 2 had primary and secondary eclipses, while night 3 shows
a secondary eclipse. Using the technique of Kwee & van Woerden (1956) we
fit the transit centers of each eclipse, and combined all eclipse timings (pri-
mary (BJD TDB): 2,455,188.886207(89), 2,455,205.81071(29); secondary (BJD
TDB): 2,455,188.76882(16), 2,455,205.92783(19), 2,455,231.784879(19)) in a lin-
ear least-squares analysis to find the orbital period of P, = 5.6414544-0.000026 hr
(barycentering used the JPL DE405 ephemeris). Fitting ephemerides using the
primary and secondary eclipses separately gives consistent results with our re-
ported ephemeris (Table 5.3). The resulting phased light curve from all three

nights of data is shown in Figure 5.4.

Keck Spectroscopy

We observed NLTT 11748 with High Resolution Echelle Spectrometer (HIRES,

Vogt et al. 1994) on the 10-m Keck I telescope 6 times on 2010 February 2 and
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twice on 2010 February 4. All observations were taken with the same grating tilt,
integrating for 5 minutes, binning by 3 pixels in the spatial direction, and with a
086 x 14" slit (giving R =~ 50,000). The wavelength solution was based on a Th—
Ar lamp, accurate to <0.1pixel (with 1.4kms™' pixel '), and the data covered
3,600-8,000 A. The stability of the solution was monitored to high precision by
G. Marcy (private communication, 2010).

We used the Ha line for our radial velocity measurements, although other
lines were detected at lower significance. We initially identified the velocity from
each spectrum by eye, then shifted each spectrum to zero velocity and combined
them. We fit the combined Ha spectrum with the sum of a broad (=520kms™"
FWHM) Lorentzian and a narrow (~47kms~* FWHM) Gaussian with roughly
equal depths. Using this template, we then measured radial velocities and fit
them to a sinusoid with the period and phase constrained by the eclipse timing.
We then iterated this procedure, using the velocities from the radial-velocity fit to
construct the template, fitting the template shape, fitting the individual velocities,
and fitting the radial velocity curve. This converged quickly: after one iteration
all changes were < 1kms™'.

We obtain a x? for the radial velocity fit (assuming a circular orbit and an
accurate ephemeris from the eclipse photometry) of 4.5 for 6 dof. Our final radial-

1

velocity amplitude was K; = 271 £3kms™ yielding a mass function 0.48(2) M,

or an My = 0.71(2) M, secondary for a fiducial M; = 0.15 M, primary. We
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computed the systemic radial velocity from the data, correcting to the solar system

barycenter, finding v, = 133 £ 2kms™ .

We do not correct for gravitational
redshift as uncertainties in M; and R; are too high and we expect a shift of only
~ 2kms~'. We checked our velocities by fitting only the broad component of the
Ha line or the H~ line, and both gave consistent results although with a factor of
6 lower precision. We limit the eccentricity of the orbit to <0.06 at 3o.

At the primary’s orbital velocity, the width of the narrow Ha component
may be broadened by orbital motion: the maximum derivative is 2w Ky /Py, =
0.08kms 's~'. Compared with the narrow Ha component, ~47kms™' FWHM,

this effect is unlikely to affect our data (5-minute exposures) but might have

slightly influenced the log ¢ measurement of Kawka & Vennes (2009).

5.2.2 Binary Parameter Analysis and Results

The deepest (primary) eclipse is the transit of the primary object (1) by the
secondary (2), and the shallowest (secondary) is the occultation of the secondary
by the primary. There are six relevant binary parameters to be fitted: the pri-
mary and secondary radii and masses (R, Ry, M; and M,); flux ratio (for our fil-
ter/CCD response) Fy/Fy; and inclination . We consider the orbital period, Py,
and the linear limb darkening coefficient, uyp, as fixed. We presume upp = 0.3 but
will show how its uncertainty (upp ~ 0.2 — 0.6, Littlefair et al. 2006a, 2007, and

Maxted et al. 2007) modifies our desired parameters. The eclipse light curve in
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Figure 5.5: Phased light curves of the primary (top panel) and secondary (bottom
panel) eclipses. The widths of each data point represent the exposure duration.
The black line is the light curve model for the u;p = 0.3 parameters in Table
5.3. The crosses show the average of the model over the exposure duration of
that associated data point. It is the differences between these points and those
measurements that are considered when calculating y2. Insets display the 1o, 20,
and 30 contours of the x? minimization for the eclipse depth and width parame-
terized light curve fitting. The error bars are the 1o error bars on the individual
parameters.
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Figure 5.5 shows the secondary eclipse as flat-bottomed while the primary eclipse
shows the distinct signature of limb darkening. This indicates that the eclipses are
likely total (confirmed by our inclination measurements) and Ry < Ry, Fy/F] < 1,
and 7 &~ 90°.

We initially fit the eclipses with a parameterization of the linear limb darkening
law (van Hamme 1993) for the primary eclipse and a box function for the total
secondary eclipse, yielding the depths, d; and dsy, and durations, 7; and 75. The
1o results are reported in Table 5.3 with the 1o, 20, and 30 contours plotted in
the insets of Figure 5.5. This allows us to directly measure Fy/F), as 1 — dy =
Fi/(Fi+ F).

The sparsity of our data in eclipse requires additional assumptions about the
properties of the secondary. The flat bottom secondary eclipse unambiguously
gives a low flux ratio (at SDSS-¢') of Fy/F; = 0.035(3) which implies that the
value of the primary eclipse total depth must be dominated by the radii ratio.
Our measured primary eclipse depth implies Ry/R; &~ 1/4, further corroborated
by the unseen (and thereby fast) ingress and egress in the secondary eclipse. Our
measurements of Fy/F) and Rs/R; constrain the temperature of the secondary
relative to the 8500 K primary. Taking SDSS-¢’ measurements as bolometric
(Ly/Ly = Fy/Fy) gives Ty, < 7400 K, which we confirm by using the synthetic
photometry of Holberg & Bergeron (2006), constraining the flux ratio of model

atmospheres integrated over the filter passband. The Kawka & Vennes (2009)
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spectrum constrains the primary to be a low-mass, < 0.25 M, likely He WD
with a radius ~ 0.04 R;. This implies an Ry =~ 0.01 R, companion. Therefore,
the secondary cannot be a main sequence (MS) star as Kawka & Vennes (2009)
constrain such an MS star to have M < 0.2 M. based on Two Micron All Sky
Survey photometry, breaking our mass function and radius constraints. A brown
dwarf would break our mass function and radius constraints. A neutron star is
far too small and its luminosity contribution insufficient. Therefore, a cold C/O
WD is the only solution, meeting the radius, mass, and luminosity constraints.
We powerfully constrain the binary parameters by directly integrating the
faces of the primary and secondary and model our light curve for any arbi-
trary inclination and phase by assuming a linear limb darkening law. We do
this with a code originating from Steinfadt et al. (2008a) and Mandel & Agol
(2002), including the effects of microlensing in the binary (following Marsh 2001
and Agol 2002). For the approximate parameters above, the Einstein radius is
Rp = \/AGMya/c® ~ 0.003 Ry, giving R,/Rp ~ 13 and Ry/Ry ~ 3, leading to
a 1% magnification of the primary at conjunction. Our measurement of K; and
F,/Fy reduces our six-parameter system to four-parameter system. Our surface
temperature measurement yields an age of 1.5-3.0 Gyr (Chabrier et al. 2000) for
the secondary allowing us to use M-R relations of cold WDs (Althaus & Ben-
venuto 1998) for our current work. Though Kawka & Vennes (2009) derived an

M; = 0.167£0.005 M, from their low-resolution spectrum, radial velocity broad-
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ening and theoretical model uncertainties may render this determination unreli-
able. Therefore, we calculate separate x? grids of R; and inclination for a range
of M,. Minimization of x? on each grid constrains R; and inclination directly and
Ax? techniques yield their uncertainties. We scale these uncertainties to consider
the additional uncertainties of Fy/F; and K; using a Monte Carlo method.

The results of our direct eclipse fitting method are displayed in Figure 5.6
with the parameters and uncertainties reported in Table 5.3 for M; = 0.15 M.
Without including lensing the fits would be very similar, but the inclination would
be slightly lower (closer to 89.4°) and the radius of the primary would be slightly
larger (0.0437 R, for upp = 0.3). The x? minima for all M; within each urp data
set in Figure 5.6 are approximately consistent and as such yield no constraint
on M over this range. Our range of urp = 0.0, 0.3, and 0.5 results in a ~ 5%
spread in R; measurements, consistent with the logg = 6.2 + 0.15 of Kawka &
Vennes (2009). The x? value is reduced slightly as urp increases; however, we
cannot constrain urp due to the sparsity of data at ingress/egress. This will be
constrained in future higher cadence data sets. For M; > 0.2 M, the minimum y?
values significantly increase and the quality of the eclipse fits degrade. Therefore,

our combined radial velocity and light curve data sets provide an upper limit,

assuming that the secondary is a C/O WD, of M; < 0.2 M.
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5.2.3 Conclusions

Our discovery of the first eclipsing detached double WD binary has substan-
tially constrained low-mass He WD models with radius measurements that agree
with current models (Serenelli et al. 2002; Panei et al. 2007). Additional measure-
ments will reveal even more about the faint ~ 0.7 M, C/O WD secondary. With
our discovery, there are 11 confirmed double WD binaries that will merge within
a Hubble time. From spectroscopic masses alone, six of these contain low-mass
(< 0.25M) He core primaries with large (> 0.03 Ry) radii indicative of a sta-
ble H burning shell (Mullally et al. 2009; Kilic et al. 2010b; Badenes et al. 2009;
Marsh et al. 2010; Kulkarni & van Kerkwijk 2010). Other than its inclination,
NLTT 11748 is not extraordinary in any way relative to these, many of which
offer larger solid angles for eclipse observations than NLTT 11748.

Our analysis of this system is far from complete, but our existing constraints,
Table 5.3 and Figure 5.6, highlight the value of further studies. High cadence pho-
tometry, resolving the ingress/egress of each eclipse, would yield the component
radii as functions of inclination and orbital semimajor axis. If future spectroscopic
observations can reveal the secondary’s line features and measure its radial ve-
locity, this would allow precise measurements of the masses of both components.
Detection of eclipses in different filters, both bluer and into the infrared, would
additionally constrain the temperature of the secondary further as well as its age.

Model-independent mass and radius determinations for He and C/O WDs are
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rare. For He WDs, there exist several pulsar binary systems for which Shapiro time
delay measurements have yielded accurate mass determinations: PSR B1855+4-09
(Kaspi et al. 1994), PSR J0437—4715 (van Straten et al. 2001), PSR J0751+1807
(Bassa et al. 2006b), PSR J1012+5307 (Callanan et al. 1998; van Kerkwijk et al.
1996), PSR J1911—5958A (Bassa et al. 2006a), and PSR J1909—3744 (Jacoby
et al. 2003, 2005). Of these, only four have radii measurements, PSR J0437—4715,
PSR J075141807, PSR J1911—5958A and PSR J1909—3744. However, all rely
upon either distance measurements and evolutionary model-dependent luminosi-
ties or gravity measurements derived from atmospheric models. Therefore, He
WD evolutionary models (Althaus & Benvenuto 1998; Serenelli et al. 2002; Panei
et al. 2007) remain largely unconstrained. For C/O WDs, mass and radius mea-
surements have been more frequent (Schmidt 1996; Provencal et al. 1998, 2002;
Casewell et al. 2009) and all rely on distance measurements via parallax or clus-
ter membership, surface brightness measurements and detailed knowledge of each
spectrum. To reach the precisions required to constrain theoretical models, these
measurements must rely upon atmospheric model spectra. Only recently Parsons
et al. (2010) have derived precise measurements of mass and radius in a model-
independent way in the eclipsing binary system NN Ser. NLTT 11748 offers an
additional C/O WD system for model-independent mass and radius measurements
as well as the first such system for He WDs.

Gravitational wave emission will bring this system into contact in 13.8-6.3 Gyr
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(for My = 0.1-0.2 M). With a mass ratio of 0.15/0.71 = 0.2, stable mass transfer
at contact is likely to occur and create an AM CVn binary (Nelemans et al.
2001; Marsh et al. 2004). The known orbital period, inclination, and distance
(d ~ 150pc) yield the gravitational wave strain at Earth, h = (3.6 — 7.9) x
1072% (Timpano et al. 2006; Roelofs et al. 2007) at a frequency v ~ 10~* Hz for
M; = 0.1-0.2 M. Though not ‘louder’ than the verification sources tabulated by
Nelemans (2009), NLTT 11748’s accurate ephemeris allows for a coherent folding

of the LISA data over the mission duration.
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Chapter 6

Conclusions

Throughout this dissertation the consistent narrative has been the search for
the first pulsating helium core white dwarf (He WD). To that end, in Chapter
2 we extended the existing theory of ZZ Ceti pulsations to that of the very low
mass He WDs (<0.2 M) and predicted the parameter space in which pulsations
would occur. In Chapter 3, we used this theory coupled with observed ZZ Ceti
phenomenology to select He WD candidates with T.g and log ¢g’s near the expected
instability region and observed 13 objects for pulsations with the hope of reaching
detection limits of 1%. This search was unsuccessful in finding pulsations, but has
added constraints to pulsation theory and will serve as a guide to future work.
Along the way, our project has encountered other unexpected results, such as a
low gravity C/O WD ZZ Ceti (Chapter 4) and two unique eclipsing binary systems

(Chapter 5).
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Of the 13 objects we observed in Chapter 3 seven are likely very low mass
He WDs (a potential eighth is likely an interloping A star). Three of these seven
are nominally within the high priority candidate region and thus are predicted to
pulsate by the theory of Chapter 2. Whether or not these observations offer strong
constraint on this theory is currently an open matter. First we must consider the
accuracy of the log g and T.g measurements that place these objects within the pre-
dicted pulsation parameter space. Unfortunately, very low mass WD atmospheres
are not well understood. Due to their low surface temperatures (Tog < 9,000 K),
the H atmospheres are not sufficiently ionized and neutral broadening of the H
absorption lines plays an important role. The theory of neutral broadening is not
well understood and may account for significant errors in line widths (Barklem
et al. 2000; Allard et al. 2004; Tremblay et al. 2010; private communication, Detlev
Koester). As such, the reported errors on log g and Tyg for these objects are always
the statistical error of the fit to theoretical atmosphere grids and do not take into
account the uncertainties of the theory itself which can increase the uncertainty
by as much as a factor of two (private communication, Detlev Koester). Further,
the uncertainty of the atmosphere theory is likely not random but rather a shift in
a specific direction in the T,g—log g plane, affecting the parameter space location
of all very low mass He WDs. This is why NLTT 11748 is such an important
eclipsing binary system (Section 5.2). As a potential double-lined spectroscopic

eclipsing binary, it could offer high precision model independent determinations
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of both the mass and radius of the He WD component providing a high precision
constraint on its gravity for which any atmospheric gravity measurement must
match.

Of added concern is the location of the instability strip “blue” edge itself. In
Chapter 2 we derived the “blue” edge to be where pulsation modes of eigenvalues
¢ =1 and n = 1 were driven. This offers a temperature upper limit to the £ =1
instability strip because the “blue” edge shifts redward when higher radial orders
of n are considered. In the few cases where pulsation mode eigenvalues have been
identified observationally (e.g. HL Tau 76, Pech et al. 2006; G117-B15A and
R548, Bradley 1998) the highest amplitude observed modes range in n from 1 to
several 10s. If very low mass He WDs preferentially only excite the higher radial
order modes, then the “blue” edge could shift redward by a few 100 K potentially
removing our three high priority candidates from the instability region.

An additional observational concern is whether our detection limits are truly
meaningful. Only NLTT 11748 and SDSS J0822+2743 met our fiducial pulsa-
tion limit of 10 mmags and only NLTT 11748 was observed more than once. As
we have seen in HS 182446000 (Figure 4.2 and Table 4.2) that pulsation ampli-
tudes can be small, 3-4 mmag, and vary in detectability from one night to the
next. Therefore additional observations may be required of PSR J1012+5307
and SDSS J0822+42753 to both tighten their detection limits and gain multiple

epochs of observation so that these null detections can be even more convincing.
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Also, many of the lower priority objects we observed were only observed once
and/or to detection limits not meeting the fiducial, therefore, additional obser-
vations of these objects may be warranted. The two pulsation null detections in
SDSS J1300+5904 may offer unique constraints on the canonical ZZ Ceti insta-
bility strip. The observed slope of the ZZ Ceti instability strip “blue” edge is
determined by only a few objects (Bergeron et al. 2004; Gianninas et al. 2007).
If the driving mechanism in the C/O WD ZZ Cetis is similar to that of the He
WDs, then SDSS J1300+5904 offers a long lever arm constraint to this slope.
There are many methods that could be employed to solve the problems of find-
ing the theoretical location of the He WD instability strip. We will not touch on
the atmospheric models as this is a very active area of research by other research
groups. In this dissertation we have concerned ourselves with the theoretical insta-
bility strip for very low mass He WDs (<0.2 M). This was because the evolution
governing them was relatively simple, requiring only time-independent models.
To access the rest of the He WD instability strip (0.2 < Mwp < 0.45 M) we
will require time-dependent models. Already within the open-source code MESA
(Paxton et al. 2011), the tools exist to build state-of-the-art He WD models, they
just need to be combined and developed. In our analysis of the pulsational prop-
erties of our models, we used a linear adiabatic approximation and applied the
Brickhill criterion (Brickhill 1991; Wu & Goldreich 1999) to predict the “blue”

edge of the instability strip. The Brickhill criterion has only been tested using
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non-adiabatic pulsation modeling for logg = 8 C/O WDs and not at the lower
gravities of the He WDs. Therefore, an extension of this non-adiabatic pulsa-
tion analysis as well as applying mode amplitude saturation analysis (predicting
the pulsation amplitudes themselves) to the models and lower gravities of the He
WDs would improve our confidence in the predicted He WD instability region

considerably and extend it over all He WD masses.
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Appendix A

Very Low Mass Helium White

Dwarf Models: Code Description

A.1 Goal

In very low mass helium white dwarfs (He WDs), Myp < 0.18-0.2 M,
simulations find that the H envelope above the helium core burns stably on
timescales of several Gyrs. He WDs of higher mass experience unstable nuclear
flashes that rapidly remove their H envelopes causing them to evolve on a much
shorter timescale of 10s-100s Myrs (Webbink 1975; Papaloizou et al. 1982; Driebe
et al. 1999; Serenelli et al. 2002; Panei et al. 2007). These simulations are time-
dependent and complex in order to access the total parameter space of He WDs

(0.1-0.45 My,)). However, in very low mass He WDs for most of their evolution the
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dominant energy source is H burning in the H/He transition region between en-
velope and core. Thus, the nuclear timescale (of several Gyrs) dominates the evo-
lution and so diffusive equilibrium is maintained because the diffusive timescales
are much shorter. This motivates our static, time-independent, models. Below we
describe how our code builds the individual models. Outlined briefly, we solve the
equations of stellar structure including hydrostatic balance, heat transport (both
radiative and convective), and luminosity generation via nuclear burning. The
composition is described fully by equilibrium diffusion. Our luminosity genera-
tion is only described by nuclear burning because it dominates all other sources
of luminosity (e.g. cooling and gravitational contraction). This leaves our models
with essentially two parameters, mass of the He core, My, and the mass of the H
envelope, M., both of which are defined as the total He and H mass respectively.
We then simulate evolution by conserving total WD mass (Mwp = Meore + Meny)
and moving mass from the envelope to the core (as would occur during the fusion
of H to He). This evolution is shown for our models in Figures A.4 and A.5.
Very low mass He WDs could conceivably spend far longer in or near the
27 Ceti instability strip than the higher mass WDs. We have constructed these
models in order to measure and predict the pulsational properties of very low mass

He WDs.
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A.2 Physics

In this section we discuss the physics that goes into our models: stellar struc-

ture, opacities, equation of state (EOS), convection, nuclear burning, and diffu-

sion.

A.2.1 Equations of Stellar Structure

dP

dr

dM T, tot
dr

dM, i

GM,

r2

Amr?p
4mr*Xp

4712 pe

GM,Tp
r2P

\%

See Section A.2.5

dlnT
dln P
3 Pk L,
167TCLCGWMT
I, —1
Iy

(A1)
(A.2)
(A.3)
(A.4)
(A.5)
(A.6)
(A7)
(A.8)

(A.9)

In general we solve six ODEs, solving for pressure (Equation A.1), interior mass

(Equation A.2), interior H mass (Equation A.3), luminosity (Equation A.4), tem-

perature (Equation A.5), and H number density (Equation A.6), and we have

nine unknown quantities: mass of the core M., mass of the envelope M,,,, core
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(r = M, = 0) temperature Teop, core density peore Or pressure P, core H mass
abundance Xcope, surface (M, 1ot = Meore + Meny = Moy and M, g = Meny = My)
radius Ry, surface luminosity Lgy..f, surface temperature T, and surface density
Psurt OF surface pressure Pyy¢. There are additional implied boundary conditions
where the core luminosity is Leoe = 0 and the surface H abundance is Xq, ¢ = 1.
The surface density, pressure, and temperature are all related via the radiative
zero solution given the output luminosity and surface radius (the reality of this
statement is far more complex and will be discussed later) and so reduce our nine
unknowns to eight. Of the eight unknowns, we select two to be parameters to ob-
tain a unique solution. For the purposes of this discussion, we will elevate Mo
and M., to the status of parameter. Profiles of various quantities for an example

model are shown in Figures A.1, A.2, and A.3.

A.2.2 Microphysics: Opacity and Equation of State

All portions of the code use the same microphysics when evaluating the opaci-
ties and the equation of state (EOS). We use MESA (Modules for Experiments in
Stellar Astrophysics written by Paxton et al. 2011) to evaluate this microphysics.
The MESA EOS modules utilize a blended and smoothed combination of the
HELM (Timmes & Swesty 2000), OPAL (Rogers & Nayfonov 2002), and SCVH
(Saumon et al. 1995) equations of state. The MESA opacity modules utilize a

blended and smoothed combination of the OPAL Type 1 and Type 2 tables (Igle-
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sias & Rogers 1993, 1996) and the Ferguson (Ferguson et al. 2005) opacities with
the overall addition of the effects of electron conduction from Cassisi et al. (2007).

The opacity profile of an example model is shown in Figure A.3.

A.2.3 Convection

A fluid parcel is unstable to convection when the Schwarzschild Criterion is

satisfied:

Viad > Vaa — (convectively unstable). (A.10)

When this criterion is satisfied, energy transport is carried out almost exclusively
through the physical movement of fluid parcels. At all other times, energy trans-
port is carried out exclusively through radiative transport.

Our code is able to deal with convection in three ways: ignore convection,
V = Vi9a; use the adiabatic approximation, V = V,q; or use Mixing Length
Theory (MLT), V = Vypr. Our code currently allows for two variations on the
same MLT. One is precisely as defined in Hansen et al. (2004), and the other
defined in the same way excepting the mixing length which is defined as the lesser
of the local pressure scale height or distance to the top of the convection zone.

The models discussed in this dissertation always use standard MLT with a
mixing length ov = 1.0. All heat transport gradient (the dIn7'/dIn Ps) profiles for
an example model are shown in Figure A.3. Notice the superadiabaticity, caused

by MLT, of the actual gradient within the convection zone near the surface.
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A.2.4 Nuclear Energy Generation

Our code evaluates nuclear energy generation in one of two ways: the MESA
module or analytically. The MESA module takes as input the composition, tem-
perature, and density and is based on Timmes (1999). Our composition is always
H, *He, and *He in equilibrium abundance (calculated below) and we only ever
use the most basic nuclear network in MESA.

Our analytic energy generation goes through the entire proton-proton (PP)
chains and the proton-electron-proton (PEP) chains, via the following rate calcu-

lations:

I'Qe

€ = Qe [ergs ¢! 57, (A.11)
p

[ = NupX°r [reactions s™'], (A.12)

roy = 401 x 107575 % exp (—3.38T9*1/3> x
(1 +0.12370% + 1.000T2/°% + O.938T9>
[reactions g ' s7'],  (A.13)
Tpep = 1.36 X 10_20p2yeT9_7/6 exp <—3.38T9_1/3) X
(1 —0.7297,° + 9.82T92/3) [reactions g s7'],  (A.14)

Qoipp = Qefipep = (1.442 +5.493)  [MeV], (A.15)

where N4 is Avogadro’s number. For the models of this dissertation, the PEP
chain generates ~ 1% the energy of the PP chain.

A concern for using this simplistic approach for the entire PP and PEP chains
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is our models may contain nuclear burning at temperatures and densities low
enough that the completion step of 3He on 3He or “He, may not occur on a shorter
timescale than the evolutionary timescale of the envelope mass. Therefore, in our
models we calculate the lifetimes of *He with respect to the two reactions with

3He and *He via the following rate calculations:

Xi
nx, = 220 (A.16)

mx;
I' = NypXsgeXsorape [reactions s ], (A.17)
l3He+3He—>4He+2p = e ) (A.18)

2F3He—l—3He—>4He—l—2p
ns3
Z3He+4He—>7Be+W = Cagg +3HHe7B+7 (Alg)
e e—"Be+y

PotossHetHerzp = 6.04 % 10"pTy  exp (—12.276T9_1/3) X
(1+0.0347 — 052277
0.124T, + 0.3537;* + 021377

[reactions g~ ' s7'], (A.20)

] 5/6
T3He4+4He—"Be+y — 5.61 X 1O6p (TQHTMQ) )
T exp <—12.826T9_1/ 3)

[reactions g~' s7']. (A.21)

Notice that the He abundance (Xsy,) cancels out completely in Equation (A.19)
but not in Equation (A.18). Therefore, we must calculate an equilibrium value
for 3He to find its lifetime in reactions on itself.

We calculate the equilibrium abundance of *He by assuming that the deu-
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terium lifetime is sufficiently shorter than all other lifetimes so that it is also
in equilibrium. Therefore, the differential equation governing *He creation and

destruction is:

dXspe Too X& T .
3He "pp AH 3He+3He—4He+2p X32He- (A22)
dt p 2 p

Which assumes that the reaction rate of >He on *He is much slower than *He on

itself. This builds to an equilibrium at,

1/2
<X3He) — ( Tpp ) / ) (A23)
Xu equilibrium 27ﬂg’He-i-g’He—>4He—|—2p

This equilibrium value itself is also dependent upon the assumption that the

reaction rate of *He on itself is faster than all other reactions at equilibrium.

In the parameter space of this dissertation, the PP and PEP chains are always
complete where the nuclear energy generation is important. For the models of
this dissertation, the MESA nuclear network module was used. An example of

the nuclear energy generation profile can be found in Figure A.3.

A.2.5 Composition Profile

The composition profile of our models is defined by the equilibrium diffusive
profile. Ions and their electrons must be suspended by an electric field in order to
maintain overall neutral charge in the presence of gravity. In a multicomponent
plasma this causes the ions to separate and layer by ion mass with diffusive tails

defining their boundaries. In our models we are only concerned with H and He
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ions, however, it is easy to consider an infinite number of ions under condition
of total ionization. For our purposes we track only the dny/dr (Equation A.6)
differential equation since it is related trivially to the He and electron differential
equations through charge neutrality and our assumption of total ionization. The
result of equilibrium diffusion is best illustrated by the composition profile found

in Figure A.2. Notice the long diffusive tails of both H and He into the other.

Partial Pressure Equations and the Electric Field

Assuming only hydrostatic equilibrium we write down the partial pressure

gradients as follows,

dP,

o = i (Aim,g — Z;eE), (A.24)
dP,
o = The (meg + ekE), (A.25)
0Px 0Px
dPx = ——d —dT. A2
R T (4.26)

Where X is to be replaced by H, He (or any ion) and electrons as needed. Com-

bining these and solving for the number density gradients we get,

dn; oP\ 1 P, dT
dn. oP,\ ! 1 OP, dT
o= (6ne) ne [meg +eE + T _dr] : (A.28)
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By demanding charge neutrality, n. — > n;Z; = 0, we can solve these equations

for the electric field,

S (22) " 2 (neAamyg + 25 T) — (22) 7 (nmg + 2T

el = — —
() v (8)

(A.29)

Ionic Equation of State

For the situations we are concerned, equilibrium diffusion in helium core white
dwarfs, the ideal gas law provides an accurate equation of state for the ions.
Therefore, we may reduce the electric field equation using the ideal gas law for

the ionic portion,

-1
S Zin (A + ke 8E) ~ keT (55)  (nemeg + G4

el = —
kT (32) e+ Lmz?

(A.30)

Electron Equation of State

We obtain the electron equation of state from MESA by explicitly calling
the HELM EOS (an electron-positron equation of state using the Helmholtz free
energy based on Timmes & Swesty 2000). This equation of state is only valid in
areas of high density and pressure. The H/He transition region fortunately occurs

in the region of validity.

128



107
T
!

©
S_ ]
R
k=
S
O ]
—
<t
o B ]
—
| | | | | | | | | | | | | | | |
I I I I I I I I I I I I I I I I I
<t
o - ]
—
™
[en iy ]
™
I
S~ ]
©0
== 7
QU

L in L@

0.000 0.002 0.004 0.006 0.008 0.010107% 10~ 1072

| | | | | | | | | | | | | | | | |
10% 1020 10* 108 107 10¢ 10% 10 10* 102 10* 10'° 10° 10% 107 105 10°
P in dynes cm™2

Figure A.1: The profiles for temperature (top panel), density (middle panel),
and luminosity (bottom panel) against pressure (core to left, surface to right)
for a Mywp = 0.17 M, with a M, = 3.15x1073 M. This represents a typical
predicted pulsator also analyzed in Chapter 2.
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Figure A.2: The profiles for radius (top panel), total mass interior and hydrogen
mass interior (middle panel), and composition (bottom panel) against pressure
(core to left, surface to right) for a Myp = 0.17 M, with a M, = 3.15x1073 M.
This represents a typical predicted pulsator also analyzed in Chapter 2.
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3.15x1073 M. This represents a typical predicted pulsator also analyzed in Chap-
ter 2.
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luminosity (top panel), surface radius (middle panel), and effective temperature
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A.3 The Code

The code itself is split into three regions: the core and two envelope regions.
We have distinguished two envelope regions for reasons that will be made clear be-
low. We use an explicit Runge-Kutta ODE integrator of order 5 (implemented by
a MESA module) to integrate the equations of stellar structure from the surface
toward the core and from the core toward the surface. We evaluate the shoot-
ing problem by iterating the integrations and forcing them to meet between the
core region and lowest surface region via a Newton-Raphson method (also imple-
mented by a MESA module). We have chosen to solve the shooting problem at
a point interior to the surface of the WD due to numerical difficulties uncovered
by integrating from the core to the surface. Given that our goal was to use the
masses of the core and the envelope as parameters, this requires us to iterate the
remaining six variables (mass interior, hydrogen mass interior, hydrogen number
density, temperature, pressure, and luminosity) to a model that satisfies the equa-
tions of stellar structure. If these variables were not already sufficiently close to
the real solution, two behaviors of the integrator would arise. In one case, the
integrator would find parameter space that lead to a stiff behavior in the ODE
equations that resulted in large numerical error and the inability of the solution to
find the outer radiative zero solution. The second case resulted in the integrator
failing before reaching the surface. The level of precision required to not be in one

of these two regions of parameter space was sufficiently high that we decided to
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abandon this method. Further, by starting part of the integration at the surface
allows us to force it to always be on a radiative zero solution by calculating the

grey atmosphere approximation.

A.3.1 The Grey Atmosphere

The boundary condition at the surface is defined by the radiative zero solution
given the output luminosity, Lg.¢, and the surface radius, Rg.. However, this is
not simple to describe in mass or radius coordinates without significant approx-
imation. Of further concern is that the observed surface may actually exist in a
convection zone where the heat transport is no longer radiative. The grey atmo-
sphere approximation allows us to use optical depth, 7, as our coordinate and to
start at low enough optical depth that the assumption of radiative heat transport
is safe. We then integrate toward the true observed surface at 7 = 2/3. In the at-
mosphere, the radius and mass are changing slowly enough that the plane parallel
approximation is appropriate. Therefore, only hydrostatic equilibrium needs to
be satisfied (obviously, there is no nuclear burning in the atmosphere). We recast
the equation of hydrostatic equilibrium, Equation (A.1), in terms of optical depth

through the definition, dr = —kpdr:

ar_g (A.31)
K

dr
The MESA opacities are explicitly dependent on temperature and density. Fol-

lowing Hansen et al. (2004), we use the Eddington approximation for temperature
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as a function of optical depth,

T(r) = E (T + g)} M (A.32)

To obtain the density, we could turn to our equation of state, unfortunately, the
MESA EOS is also explicitly dependent on temperature and density. Therefore,
to obtain density given pressure, MESA must perform a root-find on the EOS
tables, a numerically expensive task. To increase the computer evaluation speed,

we perform the following transformation into density:

dP dP
dP — | —| | dT'| | —
<dT p) ( dp

The dP/dT|, and dP/dp|, terms are explicitly determined in the EOS and not

dp = T) B ) (A.33)

numerically expensive.

We determine the observed surface properties by integrating Equation (A.31)
from 7 = 107 to 2/3. We obtain the initial density through linear approximation
from dp/dr assuming density is zero at zero optical depth. As stated earlier,
this entire analysis assumes radiative energy transport. However, in our models,
this is not always the case as a convection zone may develop before we reach the
7 = 2/3 surface. Therefore, during our integration of Equation (A.31), we test
for convective instability at each integration step via the Schwarzschild Criterion,
Equation (A.10). If a step becomes unstable to convection, we stop the integration
and transfer the properties to the full surface toward core integrator as if the

properties were those of the true surface.
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A.3.2 Surface toward Core: Outer Layer

As mentioned earlier, the envelope portion of the code is partitioned into two
sections. We start with the outermost portion, that section that receives its ini-
tial conditions from the grey atmosphere. In this section we integrate Equations
(A.1), (A.2), and (A.5), where V = V,aq, with respect to radius. Additionally,
all equations are integrated using logarithmic variables. We neglect integrating
Equation (A.4) as we truncate this section long before energy generation from
nuclear burning significantly alters the luminosity profile. We also neglect inte-
grating Equations (A.3) and (A.6) because the composition gradient is smaller
than computer precision and so tracking it can introduce numerical artifacts. We
choose to integrate in radius as tests on several model WD and envelope masses
showed it to be computationally faster than integrating in mass, these tests were
not extensive and may not be true for all of parameter space, however, the com-
putational gains were only a few percent. To increase computational speed, we
transform Equation (A.1) to dp/dr via the transformation Equation (A.33) and
explicitly follow density instead of pressure.

In those situations where the grey atmosphere finds a radiative surface, a
subroutine is setup to test each step of integration for convective instability via
Equation (A.10) and then interpolate (at order four in the Runge-Kutta scheme)
to find the more precise top of the convection zone. When a convection zone

is found, the integrator is restarted and V is replaced with V,,,. A separate
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subroutine also exists to find the bottom of the convection zone in much the same
way as the top of the convection zone is found. The Outer Layer integration is
terminated when pressure reaches 10'° dynes cm™ and all state information is

then transfered to the Inner Layer integrator.

A.3.3 Surface toward Core: Inner Layer

In this section we integrate Equations (A.1), (A.2), (A.3), (A.4), (A.5), and
(A.6) with respect to radius. Additionally, all equations are integrated using
logarithmic variables. As in the previous section, cursory tests showed integrations
in radius to be faster than in mass. We no longer neglect luminosity or the
composition gradient.

It is expected in this section that the integration either starts in a convection
zone or never develops one. Therefore, we only implement a subroutine to find
the bottom of the convection zone. The Inner Layer integrator is terminated
when when the hydrogen mass fraction, X, reaches a predetermined boundary
value, X},. At this point, the state information, specifically p, L, R, T, and My,
at this boundary is compared to the same values of the Core toward Surface
integration, which will all be described shortly. Since both Core toward Surface
and Surface toward Core integrations terminate at the same X, this already will

match perfectly.
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A.3.4 Core toward Surface

In this section we integrate Equations (A.1), (A.2), (A.3), (A.4), (A.5), and
(A.6) with respect to radius. As in the previous sections, cursory tests showed
integration in radius to be faster than mass.

The Core toward Surface integrator is terminated when when the hydrogen
mass fraction, X, reaches a predetermined boundary value, X},. At this point, the
state information, specifically p, L, R, T', and My, at this boundary is compared
to the same values of the Surface toward Core integration.

For the models used in this dissertation, X} was set as 0.1. For the WD
masses desired, this offered the most numerically stable shooting boundary giving

the widest range of envelope masses.

A.3.5 Iterating to a Solution

We use a Newton-Raphson iteration method to iterate an individual model’s
state vector toward a solution where the Surface toward Core and Core toward
Surface integrators meet with sufficient precision. We have elevated M, and
M., to model parameters, meaning that we state these variables and then solve
for the remaining state vector. The state vector that we iterate over includes the
core density peore, the core temperature 7., the core hydrogen abundance X oye,
the surface luminosity Lg.¢, and the surface radius Rgus.

For this dissertation we generated models for Mywp = 0.15-0.20 M, step-
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ping by 0.01 M. For each WD mass we produce models with M,,=1.0x1073~
1.0x1072 M, in steps of 0.05x1072 M. However, for some WD masses (most
notably the higher masses) we were unable to construct some of the lower mass

envelopes due to numerical convergence issues. The family of models for a 0.17 M,

WD are show in Figures A.4 and A.5.
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Appendix B

Adiabatic Pulsations

B.1 Derivation Framework

1 Calculating stellar pulsations requires both an understanding of the under-
lying stellar structure as well as an understanding of the perturbations on top of
that structure. Therefore we must define specific notation that we will be used
throughout this Appendix.

The background star will be notated with the following property variables:

pO(T)v PO(T)7 TO(T) and {X@O(T)}?

where {X; o(r)} represents the vector of all isotopic abundances. The Lagrangian

—

displacement vector will be represented by &(Z,t). The perturbed state variables

1 An outline of this derivation can be found in Unno et al. (1989).
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will be denoted as follows:

p(r), P(r), T(r) and {X;(r)}.

Note that these state variables are full thermodynamic variables. As such, FEule-
rian perturbations, where perturbations are measured at a specific position with
respect to the background star, will be denoted with 6, e.g. p(Z) — p(Z)+dp(Z, t).
Lagrangian perturbations, where perturbations are measured with respect to a
specific fluid element, will be denoted with A, e.g. p(Z) — p(Z) + Ap(Z,t). In an

operational sense, these two perturbations are related via

A=§+E€-V. (B.1)

B.2 The Energy Equation

When considering a fluid element, we make the assumption that all energy
transport between it and the background fluid occurs adiabatically. Therefore,
it is best to expand the state variable p in terms of pressure, composition and

entropy, rather than temperature. The full derivative of p is therefore,

do _ o) AP Op| dS 5 O A,
po Wl p Blepy r T Ly P
1 dP 1
_ Ol db | Olnp ds +
Oln P S, (X} P 0S P {Xi}
I-1
Jlnp dX;
Oln X; X’ (B.2)
=1 Xz}
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where the sum over all isotopes, I, has been reduced by one owing to the condition

that > X; = 1. If we recognize

B Oln P
Olnp s, {Xi}’

(B.3)

1

and, since we are assuming adiabaticity, ds = 0, the second term vanishes, and
recognize we are implicitly following a single fluid element, then Equation (B.2)

reduces to the following with Lagrangian derivatives

A 1 AP
2P 2 (B.4)
po  I't R

note that the composition gradient also goes to zero as we assume our fluid parcel
does not have time to chemically diffuse with its surrounding fluid. We may recast

this equation into the Eulerian view via the transformation Equation (B.1) while

making the assumption here that py and F, are spherically symmetric,

) ) oP . dP,
o0p &dpo _ OP & dRy (B.5)
Lo £o dr FIPO FIPO dr

and rearranging terms and pulling out “suggestive” coefficients,

dr Iy dr

ébp _ opP 1[_ (dlnpo 1dlnpo)} (B.6)

= —|— e
Po IV g g

where ¢ is the local acceleration. We recognize the squared Brunt-Vaisala fre-
quency, N2, as the term in the square brackets. While N certainly has units of
frequency, its role as a characteristic frequency of a fluid will become more clear

later. If we also recognize the adiabatic sound speed, ¢ = I'; P/p, we are now left
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with,

P
sp = L P (B.7)

Gy
B.2.1 Aside: The Brunt-Vaisala Frequency

For simplicity, the notational nuances of the rest of these notes do not apply
to this subsection. As was pointed out in the last section, the Brunt-Vaisala
frequency is simply,

dlnp 1 dnP
N? = — - — : B.
g( dr Iy dr ) (B8

If we assume hydrostatic equilibrium and take the definition of the pressure scale

height,
dln P g 1
=9 __ - B.9
dr P /\P’ ( )
then we massage Equation (B.8) into,
g (dnp 1
N? == -=. B.1
\p (dlnP T, (B.10)

If we take density to be a function of pressure, entropy and composition we expand
the total derivative of density in terms of its partial derivatives as was done in
Equation (B.2). Recognizing I'; and taking the derivative with respect to pressure
we get,

dS < 9lnp dX;

dnpP 22 ox, dn P’
i=1 S, P, { Xz}

dlnp 1 dlnp

dinP T, * oS

(B.11)

P7 {XZ}
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and inserting into Equation (B.10),

S <= dlnp e

+ ;
ppcy AP TS OX | dnP

and we are then left to the task of rewriting d1n p/0S|p, (x,3 and 01In p/Xi|s p, (x,}

dlnp
N2= T
Ap oS

(B.12)

in terms of quantities more readily available from our equation of state package
of choice. In our case, the EOS takes density, temperature and composition as
independent variables. Therefore, to get at 91In p/0S|p, (x,; we consider the First

Law of Thermodynamics and enthalpy;,

de = TdS— Pd (%) :

P 1
dH = d (5 + —) = TdS + ~dP. (B.13)
p p

Then by taking the second derivative of enthalpy with respect to pressure and
entropy (for simplicity, we will assume constant composition for all partial deriva-

tives) we get,

o°H_ o (oH|\| _ o (o
2SOP  9S \ OP sJ1p OP\0S|p/)l|g
oT 0 (1)
| == (z ) (B.14)
oP|s 0S \p/|p
Then by taking the second derivative to be zero we get,
Olnp pT
= ——Vau- B.1
25 |, P Vad (B.15)

To obtain dS/dIn P we take entropy to be a function of pressure and temperature

such that the full derivative becomes,

as oS

N oS
s OlnT

dInT
PdlnP'

(B.16)

dln P Oln P
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We then use the cyclic relationship of,

oS olnT
OlnP|, 0S

Oln P
P olnT

)--
S

and recognize,

oS
C =
P omT|,
to obtain,
as
dmp (V= Va).
Using the definition,
OlnT|  xr P
Olnplg ey pT’

(B.17)

(B.18)

(B.19)

(B.20)

and a similar cyclic relation as above using entropy, density, and temperature, we

may obtain,

oS
Oln P

_xr P

r Xp Pl

where we have defined the following compressibilities,

Oln P

X, =
0lnP'

XTr = .
olnT P {Xi)

Then by using Equations (B.15), (B.19) and (B.21) we obtain,

dlnp

ds _XTr
85 (V Vad)a

pdnP B Xp
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(B.24)



which by plugging into Equation (B.12) gives us our final expression for the Brunt-

Viisila frequency,

N? = % K—T (Vg — V) + B} , (B.25)
P

where we have also defined the compositionally dependent Ledoux term,

-1
1 X,
o\ Oy dXi (B.26)
2 O |, p, (x,,y AP
B.3 Linearized Fluid Equations
We now have three fluid equations:
i, " -
Momentum : p 5% +u-Vu|=-VP —pVo, (B.27)
Mass : % +V - (pii) = 0, (B.28)
dp 1dP Olnp
E D— = = B.2
nergy T, P + 55 PdS (B.29)

Equation (B.29) has already been simplified.

We proceed in linearizing the equations by inserting:

p(T) = polT) +0p(Z, 1),
P(Z) — Py(Z)+IdP(Z, 1),
T(¥) — To(Z)+T(Z, t),
@7 — (7, 1),

O(Z) — do(¥) +0¢(7, 1),
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note #(Z) has no background component as we assume our star to be in hydrostatic

equilibrium with no net velocity. Therefore, the linearized fluid equations are,

Sit . B .
28 = V3P~ 30— 59V, (B.30)
0 = dp+V (mf). (B.31)
oP
(50 = _2_'_@]\[257“7
Cs q

note that we have used 4 = 85 /Ot and have performed a time integral on the mass
equation.

The ¢ field is, of course, the gravitational field. Since, the background star
is assumed to be in hydrostatic equilibrium, we need only be concerned with
the perturbations on the gravitational field, d¢. As our models are absolutely
spherically symmetric (we will neglect any possible spin effects), we expand in

spherical harmonics the gravitational potential perturbations,

&b (fa t) = 6¢ (Tv t) Yim (97 90) .

Taking the Laplacian of d¢ we get,

v? (0 (1, ) Yo, (6, @) = ii (7“

0¢ (7, 1),

r2 dr dr 72

,doo (Z, t)) e+
where we have used the eigenfunctional properties of the spherical harmonics and

the Laplacian, V2Yy,,, (0, ©) = —L(£+1)Yen(0, ¢)/r?. Therefore, the gravitational

field perturbation becomes, via Poisson’s Equation,

ArGop = %i (7“2 d6¢) s 1)6¢. (B.32)

r2 dr dr 72
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If we make the further assumption that all perturbations are small and in phase
across all state variables, then we may assume the the perturbations separate into
the form of 0 X (%, t) = X (&) exp(—iwt). Therefore, the momentum equation may
be separated into two components, a radial component and an angular component

with arbitrary angle (the value of which is unimportant to this discussion),

P doo

Radial : —w’poé, = g TP T 0pg, (B.33)
opP )

Angular : —w?ppép = —— — p0—¢. (B.34)
T r

Where we have made use of the following relations,

E@ 1) = &(r, )Yun(0,0)F + &(r, VY 4, (6, 0).

By making the same approximations and expanding in spherical harmonics we
may do the same to the mass equation. Using Equation (B.31) and working a lot
of algebra with the help of Equation (B.34) and the energy equation, Equation

(B.7), we obtain,

5_P(i_£(£+1))+(%_g)&Jr%_ﬁ(ﬁJrl)M:O

po \ 2 w?2r? c? w?2r?

Finally, we may clean up the radial part of the momentum equation in a

similar fashion and produce our final set of linearized fluid equations assuming
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small amplitude oscillations:

2,2 - __r - 7
(V? —w?) & R (B.35)
B 1 k,% dg, 2 g
o= v(z-B)Tre(0-8)-
ki
~500, (B.36)
W  N? 1 d [ ,de )
4G py (cg + p; &«) = 2y (7" o k;.d¢, (B.37)

where &, 0¢ and ©» = 0P/py are all independent functions of r. The above

equations make use of the following definitions.

N o= (idlnPO B dlnp0>

Iy dr dr
0(0+1)
2 _
ky = R
@ = Db
Po

where N is the Brunt-Vaisala frequency and is discussed in great detail in Section
B.2.1, ky, is the horizontal (perpendicular to radial) wave-number, and ¢ is the

adiabatic sound speed.

B.4 Boundary Conditions

At the center of the star, requiring the variables to be finite leads to the scalings

¥ o r* and &, oc 71 Placing these scalings into Equations (B.35), (B.36), and
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(B.37) leads to the central boundary conditions,

- ﬂ’t&b, (B.38)
56 dog
L= 22 (B.39)

at a nonzero, but small, radius r.

At the surface, we require the perturbations to be both finite and upwardly
evanescent with no pressure acting from outside the star and surface density being
approximately zero. This leads to the surface scaling of ¢ o< r~“*Y and the
implication that V - £ ~ 0. Placing these into Equations (B.37) and (B.36) leads

to the outer boundary conditions,

v o= g&, (B.40)
5 ds
_(g+1)7¢ _ d—f’ (B.41)

at r = Rgyr of the star.
We solve Equations (B.35), (B.36), and (B.37) with the boundary conditions
in Equations (B.38), (B.39), (B.40), and (B.41) using the shooting method to

obtain all mode periods.

B.5 The WKB Approximation

If our modes mostly live in a region where k,r < 1 and k. Ap < 1, then

we may apply the WKB ansatz. Namely that all of our independent variables
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have the same radial dependence of exp (z f " drkr). This is useful as it reduces
our coupled differential equations problem to an algebra problem. Further, under
these conditions, N? ~ ¢g/Ap and ¢ ~ g\p. Upon inspection of the gravity

equation, Equation (B.37), with these assumptions, we obtain,

— (kK2 + k)69 = 47TG’pOC—w2,

_5_¢ 47TGp0
P c2k?

< 1; For large k.

Therefore, we safely ignore any gravity perturbations in our WKB approximation.
Under these new approximations we simplify Equations (B.35) and (B.36) even

further,

(N? —w?) & ~ —ikap, (B.42)
1k
(c_g _ w_g) b o~ ik (B.43)

Combining these together we produce the dispersion relation for the radial wave-

number,

(V2 = w?) (cfhy —w?)

202
wecs

K2 =

r

(B.44)

This gives us two forms of propagating waves, p-modes, w? > N2, k2 and

g-modes, w? < N?, 2k7.
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